On odd deficient-perfect numbers with four distinct prime divisors by Sun, Cui-Fang & He, Zhao-Cheng
ar
X
iv
:1
90
8.
04
93
2v
1 
 [m
ath
.N
T]
  1
4 A
ug
 20
19
ON ODD DEFICIENT-PERFECT NUMBERS WITH FOUR DISTINCT PRIME
DIVISORS
CUI-FANG SUN AND ZHAO-CHENG HE
ABSTRACT. For a positive integer n, let σ(n) denote the sum of the positive divisors of n. Let d be
a proper divisor of n. We call n a deficient-perfect number if σ(n) = 2n− d. In this paper, we show
that the only odd deficient-perfect number with four distinct prime divisors is 32 · 72 · 112 · 132.
Keywords: deficient-perfect number, deficient divisor, multiplicative arithmetic function.
1. INTRODUCTION
For a positive integer n, let arithmetic functions σ(n) and ω(n) denote the sum of the positive
divisors of n and the number of distinct prime divisors of n, respectively. Let d be a proper divisor
of n. We call n a deficient-perfect number with deficient divisor d if σ(n) = 2n− d. If d = 1, then
such a deficient-perfect number is called an almost perfect number. In 1978, Kishore [5] proved that
if n is an odd almost perfect number, then ω(n) > 6. In 2013, Tang, Ren and Li [11] determined all
deficient-perfect numbers with at most two distinct prime factors. In a similar vein, Tang and Feng
[9] showed that no odd deficient-perfect number exists with three distinct prime factors. For related
problems, see [1-3, 5, 6, 8].
In this paper, we obtain the following result:
theorem 1.1. The only odd deficient-perfect number with four distinct prime divisors is 32 ·72 ·112 ·
132.
For convenience, let ( ·
p
) denote the Legendre symbol. Let m be a positive integer and a be any
integer relatively prime to m. If h is the least positive integer such that ah ≡ 1 (mod m), then h
is called the order of a modulo m, denoted by ordm(a). We take n = p
α1
1
pα2
2
pα3
3
pα4
4
be an odd
deficient-perfect number with deficient divisor d = pβ1
1
p
β2
2
p
β3
3
p
β4
4
, where p1 < p2 < p3 < p4 are
primes, αi’s are positive integers and βi’s are nonnegative integers with βi 6 αi and
4∑
i=1
βi <
4∑
i=1
αi.
By [5] and [9], we have d > 1 and αi’s are all even. LetD = p
α1−β1
1
p
α2−β2
2
p
α3−β3
3
p
α4−β4
4
. Then
(1.1)
pα1+1
1
− 1
p1 − 1
·
pα2+1
2
− 1
p2 − 1
·
pα3+1
3
− 1
p3 − 1
·
pα4+1
4
− 1
p4 − 1
= σ(n) = 2n− d = (2D − 1)d
or equally
2 =
σ(n)
n
+
d
n
=
σ(n)
n
+
1
D
.
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2. THE CASE OF p2 = 5
In this section, we consider the case of n = pα1
1
pα2
2
pα3
3
pα4
4
with p1 = 3 and p2 = 5.
Lemma 2.1. There is no odd deficient-perfect number of the form n = 3α15α211α3pα4
4
.
Proof. Assume that n = 3α15α211α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β211β3pβ4
4
. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
·
113 − 1
10 · 112
> 2,
which is clearly false. Thus α1 = 2. If p4 6 61, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
113 − 1
10 · 112
·
613 − 1
60 · 612
> 2,
which is a contradiction. Thus p4 > 67. By (1.1), we have
(2.1) 13 ·
5α2+1 − 1
4
·
11α3+1 − 1
10
·
pα4+1
4
− 1
p4 − 1
= 2 · 32 · 5α211α3pα4
4
− 3β15β211β3pβ4
4
and 13 | (2D − 1). Thus D = 26k + 7 for some positive integer k.
If k = 1, then D = 33. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
113 − 1
10 · 112
+
1
33
> 2,
which is clearly false. Thus α2 = 2 and p4 = 31, which contradicts with p4 > 67.
If k ∈ {2, 3, 4, 7, 8, 12, 13, 14, 16, 18, 20, 21}, then p4 < 61, this is impossible.
If k ∈ {5, 6, 10, 11, 15, 17, 19, 22}, then p4 ∈ {137, 163, 89, 293, 397, 449, 167, 193}. Noting
that ord25(11) = 5 and ord5(p4) are even, we have 5 | (α3 + 1) and (11
5 − 1) | (11α3+1 − 1).
However, 3221 | (115 − 1), a contradiction.
If k = 9, then D = p4 = 241. Noting that ord11(5) = 5 and ord11(241) = 2, we have
5 | (α3 + 1) and (5
5 − 1) | (5α3+1 − 1). However, 71 | (55 − 1), a contradiction.
If k > 23, then D > 605. If p4 > 167, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
11
10
·
167
166
+
1
605
< 2,
which is false. Thus 67 6 p4 6 163. If 67 6 p4 6 113, then α2 = 2 and (13 · 31) | (2D − 1).
Otherwise, if α2 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
113 − 1
10 · 112
·
1133 − 1
112 · 1132
> 2,
which is impossible. Now we divide into the following four cases according to p4.
Case 1. p4 = 67. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
115 − 1
10 · 114
·
673 − 1
66 · 672
> 2,
which is impossible. Thus α3 = 2 and (13 · 31 · 7 · 19) | (2D − 1). Thus D > 26800 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
53 − 1
4 · 52
·
113 − 1
10 · 112
·
67
66
+
1
D
< 2,
which is absurd.
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Case 2. p4 = 71. Since ord3(11) = ord3(71) = 2, we have β1 = 0 and 9 | D. Thus D > 615
and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
53 − 1
4 · 52
·
11
10
·
71
70
+
1
D
< 2,
which is clearly false.
Case 3. 73 6 p4 6 113. By α2 = 2, we have
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
53 − 1
4 · 52
·
11
10
·
73
72
+
1
605
< 2,
which is impossible.
Case 4. 127 6 p4 6 163. If α2 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
53 − 1
4 · 52
·
11
10
·
127
126
+
1
605
< 2,
which is absurd. Thus α2 > 4.
Subcase 4.1 p4 = 127. If α2 > 6, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
57 − 1
4 · 56
·
113 − 1
10 · 112
·
1273 − 1
126 · 1272
> 2,
which is clearly false. Thus α2 = 4. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
115 − 1
10 · 114
·
1273 − 1
126 · 1272
> 2,
which is absurd. Thus α3 = 2. Since ord5(127) = 4, ord11(127) = 10, we have β2 = β4 =
0, β3 = 1,D > 5
4 · 11 · 1272 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
55 − 1
4 · 54
·
113 − 1
10 · 112
·
127
126
+
1
54 · 11 · 1272
< 2,
which is a contradiction.
Subcase 4.2 p4 ∈ {131, 137}. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
115 − 1
10 · 114
·
1373 − 1
136 · 1372
> 2,
which is absurd. Thus α3 = 2 and (7 · 19 · 13) | (2D − 1). Since ord3(5) = ord3(131) =
ord3(137) = 2, we have β1 = 0 and 9 | D. Thus D > 8715 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
113 − 1
10 · 112
·
131
130
+
1
8715
< 2,
which is a contradiction.
Subcase 4.3 p4 = 139. If α2 = 4, then (71 · 13) | (2D − 1). Thus D > 7303 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
55 − 1
4 · 54
·
11
10
·
139
138
+
1
7303
< 2,
which is absurd. Thus α2 > 6. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
57 − 1
4 · 56
·
115 − 1
10 · 114
·
1393 − 1
138 · 1392
> 2,
which is a contradiction. Thus α3 = 2 and (7 · 19 · 13) | (2D − 1). Thus D > 1001 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
113 − 1
10 · 112
·
139
138
+
1
1001
< 2,
which is impossible.
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Subcase 4.4 p4 = 149. Since ord3(5) = ord3(11) = ord3(149) = 2, we have β1 = 0 and
9 | D. Thus D > 1125. If D > 2133, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
11
10
·
149
148
+
1
2133
< 2,
which is clearly false. Thus D = 1125. Since ord5(149) = 2, ord25(11) = 5, we have 5 | (α3 +1)
and (115 − 1) | (11α3+1 − 1). However, 3221 | (115 − 1), a contradiction.
Subcase 4.5 p4 = 151. If D > 1543, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
11
10
·
151
150
+
1
1543
< 2,
which is clearly false. Thus D ∈ {605, 1125, 1359} and β4 > 1. Noting that ord151(5) =
ord151(11) = 75, we have 75 | (α2 + 1) and (5
75 − 1) | (5α2+1 − 1) or 75 | (α3 + 1) and
(1175 − 1) | (11α3+1 − 1). However, 71 | (575 − 1) and 7 | (1175 − 1), a contradiction.
Subcase 4.6 p4 ∈ {157, 163}. If D > 865, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
11
10
·
157
156
+
1
865
< 2,
which is false. Thus D = 605 and β2 > 1. Since ord25(11) = 5 and ord5(p4) = 4, we have
5 | (α3 + 1) and (11
5 − 1) | (11α3+1 − 1). However, 3221 | (115 − 1), a contradiction.
This completes the proof of Lemma 2.1. 
Lemma 2.2. There is no odd deficient-perfect number of the form n = 3α15α213α3pα4
4
.
Proof. Assume that n = 3α15α213α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β213β3pβ4
4
. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
·
133 − 1
12 · 132
> 2,
which is false. Thus α1 = 2. If p4 6 31, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
·
313 − 1
30 · 312
> 2,
which is impossible. Thus p4 > 37. If D 6 15, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
+
1
15
> 2,
which is clearly false. Thus D > 25. By (1.1), we have
(2.2) 13 ·
5α2+1 − 1
4
·
13α3+1 − 1
12
·
pα4+1
4
− 1
p4 − 1
= 2 · 32 · 5α213α3pα4
4
− 3β15β213β3pβ4
4
.
Now we divide into the following eight cases according toD.
Case 1. D = 25. If p4 > 499, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
499
498
+
1
25
< 2,
which is false. If p4 6 89, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
·
893 − 1
88 · 892
+
1
25
> 2,
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which is also false. Thus 97 6 p4 6 491. It implies that α2 > 8, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
59 − 1
4 · 58
·
135 − 1
12 · 134
·
4913 − 1
490 · 4912
+
1
25
> 2,
which is impossible.
Case 2. D ∈ {37, 41, 43, 47}. Then p4 = D and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
·
473 − 1
46 · 472
+
1
47
> 2,
which is false.
Case 3. D = 39. If p4 > 109, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
109
108
+
1
39
< 2,
which is a contradiction. If p4 6 53, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
·
533 − 1
52 · 532
+
1
39
> 2,
which is also a contradiction. Thus 59 6 p4 6 107 and α2 > 4. Since ord5(13) = 4, ord7(5) = 6
and ord7(13) = 2, we have p4 6 71 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
133 − 1
12 · 132
·
713 − 1
70 · 712
+
1
39
> 2,
which is impossible.
Case 4. D = 45. If p4 > 97, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
97
96
+
1
45
< 2,
which is impossible. If p4 6 47, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
·
473 − 1
46 · 472
+
1
45
> 2,
which is false. Thus 53 6 p4 6 89 and α2 > 4. Since ord5(13) = 4, we have p4 6 71 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
133 − 1
12 · 132
·
713 − 1
70 · 712
+
1
45
> 2,
which is impossible.
Case 5. D ∈ {53, 59, 67, 73, 79, 83, 89, 97}. Then p4 = D and β2 > 2. Noting that ord5(13) =
4 and ord5(p4) are all even, we deduce that the equality (2.2) can not hold.
Case 6. D ∈ {61, 71}. Then p4 = D and β2 > 2. Since ord5(13) = 4 and ord25(p4) = 5, we
have 5 | (α4 + 1) and (p
5
4 − 1) | (p
α4+1
4
− 1). However, 131 | (615 − 1) and 11 | (715 − 1), a
contradiction.
Case 7. D ∈ {65, 75}. If p4 > 71, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
71
70
+
1
65
< 2,
which is false. Thus p4 6 67 and α2 > 6. Since ord5(13) = 4, we have p4 6 61 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
57 − 1
4 · 56
·
133 − 1
12 · 132
·
613 − 1
60 · 612
+
1
75
> 2,
which is impossible.
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Case 8. D > 101. If p4 > 59, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
59
58
+
1
101
< 2,
which is false. Thus p4 6 53.
Subcase 8.1 p4 ∈ {37, 41, 43}. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
·
133 − 1
12 · 132
·
433 − 1
42 · 432
> 2,
which is absurd. Thus α2 = 2 and 31 | (2D − 1). Thus D > 175 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
53 − 1
4 · 52
·
13
12
·
37
36
+
1
175
< 2,
which is impossible.
Subcase 8.2 p4 = 47. Since ord5(13) = ord5(47) = 2 and ord47(5) = ord47(13) = 46, we
have β2 = β4 = 0,D > 5
2 · 472 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
47
46
+
1
52 · 472
< 2,
which is impossible.
Subcase 8.3 p4 = 53. If D > 159, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
13
12
·
53
52
+
1
159
< 2,
which is false. ThusD ∈ {117, 125}. Since ord5(13) = ord5(53) = 4, we deduce that the equality
(2.2) can not hold.
This completes the proof of Lemma 2.2. 
Lemma 2.3. There is no odd deficient-perfect number of the form n = 3α15α217α3pα4
4
.
Proof. Assume that n = 3α15α217α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β217β3pβ4
4
. If p4 = 19, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
173 − 1
16 · 172
·
193 − 1
18 · 192
> 2,
which is false. Thus p4 > 23. If α1 = 2, then 13 | (2D − 1). Thus D > 59. If p4 > 31, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
17
16
·
31
30
+
1
59
< 2,
which is false. Thus p4 ∈ {23, 29} and d = 1, a contradiction. Thus α1 > 4. If p4 6 61, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
·
173 − 1
16 · 172
·
613 − 1
60 · 612
> 2,
which is clearly false. Thus p4 > 67. If D 6 37, then α1 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
173 − 1
16 · 172
+
1
37
> 2,
which is absurd. Thus D > 45. By (1.1), we have
(2.3)
3α1+1 − 1
2
·
5α2+1 − 1
4
·
17α3+1 − 1
16
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α15α217α3pα4
4
− 3β15β217β3pβ4
4
.
Now we divide into the following nine cases according toD.
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Case 1. D ∈ {45, 51, 67, 71, 73, 75, 79, 81, 85}. By (2.3), we have α1 > 6, α2 > 4 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
173 − 1
16 · 172
+
1
85
> 2,
which is impossible.
Case 2. D ∈ {83, 89, 97, 101, 103, 107, 109, 113}. Then p4 = D,α1 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
173 − 1
16 · 172
·
1133 − 1
112 · 1132
+
1
113
> 2,
which is impossible.
Case 3. D ∈ {125, 135, 153, 243, 255}. Noting that ord3(5) = ord3(17) = 2, ord5(3) =
ord5(17) = 4 and ord17(3) = ord17(5) = 16, we have p4 ≡ 1 (mod 255). Thus α1 > 12,
α2 > 8, α3 > 4 and p4 > 1021.
If D = 125, then
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
175 − 1
16 · 174
+
1
125
> 2,
which is a contradiction.
If D = 135, then p4 6 4591. Otherwise, if p4 > 4919, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
4919
4918
+
1
135
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
175 − 1
16 · 174
·
45913 − 1
4590 · 45912
+
1
135
> 2,
which is also a contradiction.
If D = 153, then p4 6 1531. Otherwise, if p4 > 1567, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
1567
1566
+
1
153
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
175 − 1
16 · 174
·
15313 − 1
1530 · 15312
+
1
153
> 2,
which is also a contradiction.
If D ∈ {243, 255}, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
1021
1020
+
1
243
< 2,
which is a contradiction.
Case 4. 127 6 D = p4 6 359. Then α1 > 8, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
173 − 1
16 · 172
·
3593 − 1
358 · 3592
+
1
359
> 2,
which is impossible.
Case 5. D = 225. Since ord3(17) = ord3(5) = 2 and ord17(3) = ord17(5) = 16, we have
p4 ≡ 1 (mod 51). If p4 > 593, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
593
592
+
1
225
< 2,
which is false. Thus p4 ∈ {103, 307, 409}. Since ord5(3) = ord5(17) = 4 and ord5(p4) are all
even, we have α2 = 2. Sine 31 | (5
3 − 1), we deduce that the equality (2.3) can not hold.
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Case 6. D ∈ {201, 213, 219, 237, 249, 267, 291, 303, 309, 321, 327, 339}. Then p4 ∈ {67, 71, 73, 79, 83, 89, 97, 101, 103, 107, 109, 113}, α2 >
4 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
173 − 1
16 · 172
·
1133 − 1
112 · 1132
+
1
339
> 2,
which is impossible.
Case 7. D = 289. If p4 > 461, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
461
460
+
1
289
< 2,
which is clearly false. Thus p4 6 457. Since ord3(17) = ord3(5) = 2, ord5(3) = ord5(17) = 4,
we have p4 ≡ 1 (mod 15). Thus p4 6 421, α1 > 8, α2 > 6, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
175 − 1
16 · 174
·
4213 − 1
420 · 4212
+
1
289
> 2,
which is impossible.
Case 8. D ∈ {335, 355, 365}. Then p4 ∈ {67, 71, 73}, α1 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
173 − 1
16 · 172
·
733 − 1
72 · 732
+
1
365
> 2,
which is impossible.
Case 9. D > 367. If p4 > 397, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
397
396
+
1
367
< 2,
which is clearly false. Thus p4 6 389.
If 67 6 p4 6 113, then α2 = 2 and 31 | (2D − 1). Otherwise, if α2 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
173 − 1
16 · 172
·
1133 − 1
112 · 1132
> 2,
which is clearly false. If 97 6 p4 6 113, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
17
16
·
97
96
+
1
367
< 2,
which is false. Thus 67 6 p4 6 89.
If 127 6 p4 6 389, then α2 > 4. Otherwise, if α2 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
17
16
·
127
126
+
1
367
< 2,
which is absurd. If 127 6 p4 6 199, then α1 = 4. Otherwise, if α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
173 − 1
16 · 172
·
1993 − 1
198 · 1992
> 2,
which is impossible. If 151 6 p4 6 389, then α1 > 6. Otherwise, if α1 = 4, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
17
16
·
151
150
+
1
367
< 2,
which is impossible. Thus 127 6 p4 6 149 or 211 6 p4 6 389.
Now we divide into the following fifteen subcases according to p4.
Subcase 9.1 67 6 p4 6 89. If 67 6 p4 6 79, then α1 = 4 and 11 | (2D − 1). Otherwise, if
α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
173 − 1
16 · 172
·
793 − 1
78 · 792
> 2,
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which is clearly false. It follows that D > 485 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
53 − 1
4 · 52
·
17
16
·
67
66
+
1
485
< 2,
which is impossible.
If p4 = 83, then β1 = β2 = β3 = 0 by ord3(17) = ord3(83) = 2, ord5(3) = ord5(17) =
ord5(83) = 4, ord17(3) = 16 and ord17(83) = 8. Thus D > 3
4 · 52 · 172. If α1 6 6, then
2 =
σ(n)
n
+
d
n
<
37 − 1
2 · 36
·
53 − 1
4 · 52
·
17
16
·
83
82
+
1
34 · 52 · 172
< 2,
which is clearly false. Thus α1 > 8. If α3 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
173 − 1
16 · 172
·
83
82
+
1
34 · 52 · 172
< 2,
which is false. Thus α3 > 4 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
53 − 1
4 · 52
·
175 − 1
16 · 174
·
833 − 1
82 · 832
> 2,
which is impossible.
If p4 = 89, then β1 = β2 = β3 = 0 by ord3(17) = ord3(89) = 2, ord5(3) = ord5(17) =
4, ord5(89) = 2, ord17(3) = 16 and ord17(89) = 4. Thus D > 3
4 · 52 · 172 and
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
17
16
·
89
88
+
1
34 · 52 · 172
< 2,
which is clearly false.
Subcase 9.2 p4 ∈ {127, 139, 149}. Since ord5(3) = ord5(17) = 4, ord17(3) = ord17(5) = 16,
ord5(p4) and ord17(p4) are all even, we have β2 = β3 = 0,D > 5
4 · 172 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
17
16
·
127
126
+
1
54 · 172
< 2,
which is clearly false.
Subcase 9.3 p4 = 131. Since ord3(5) = ord3(17) = ord3(131) = 2 and ord17(3) =
ord17(5) = ord17(131) = 16, we have β1 = β3 = 0,D > 3
4 · 172 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
17
16
·
131
130
+
1
34 · 172
< 2,
which is clearly false.
Subcase 9.4 p4 = 137. Since ord3(5) = ord3(17) = ord3(137) = 2 and ord5(3) = ord5(17) =
ord5(137) = 4, we have β1 = β2 = 0,D > 3
4 · 54 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
17
16
·
137
136
+
1
34 · 54
< 2,
which is clearly false.
Subcase 9.5 p4 = 211. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
55 − 1
4 · 54
·
173 − 1
16 · 172
·
2113 − 1
210 · 2112
> 2,
which is clearly false. Thus α1 = 6. If α2 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
173 − 1
16 · 172
·
2113 − 1
210 · 2112
> 2,
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which is false. Thus α2 = 4. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
175 − 1
16 · 174
·
2113 − 1
210 · 2112
> 2,
which is absurd. Thus α3 = 2. By (2.3), we have β3 = β4 = 0 and
−1 =
(
2
11
)
=
(
2 · 36 · 54 · 172 · 223α4
11
)
=
(
3β15β2
11
)
= 1,
which is a contradiction.
Subcase 9.6 p4 = 223. Since ord5(3) = ord5(17) = ord5(223) = 4, ord17(3) = ord17(5) =
16 and ord17(223) = 8, we have β2 = β3 = 0. If α1 = 6, then
−1 =
(
2
1093
)
=
(
2 · 36 · 5α217α3223α4
1093
)
=
(
3β1223β4
1093
)
= 1,
which is a contradiction. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
55 − 1
4 · 54
·
173 − 1
16 · 172
·
2233 − 1
222 · 2232
> 2,
which is also a contradiction.
Subcase 9.7 p4 = 227. Since ord17(3) = ord17(5) = ord17(227) = 16 and ord5(3) =
ord5(17) = ord5(227) = 4, we have β2 = β3 = 0. If α2 = 4, then
−1 =
(
2
11
)
=
(
2 · 3α1 · 54 · 17α3227α4
11
)
=
(
3β1227β4
11
)
= (−1)β4
and
1 =
(
2
71
)
=
(
2 · 3α1 · 54 · 17α3227α4
71
)
=
(
3β1227β4
71
)
= (−1)β4
which is false. Thus α2 > 6. If α1 = 6, then
−1 =
(
2
1093
)
=
(
2 · 36 · 5α217α3227α4
1093
)
=
(
3β1227β4
1093
)
= 1,
which is a contradiction. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
173 − 1
16 · 172
·
2273 − 1
226 · 2272
> 2,
which is also a contradiction.
Subcase 9.8 p4 = 229. Since ord17(3) = ord17(5) = 16, ord17(229) = 8 and ord5(3) =
ord5(17) = 4, ord5(229) = 2, we have β2 = β3 = 0. If α2 = 4, then
−1 =
(
2
11
)
=
(
2 · 3α1 · 54 · 17α3229α4
11
)
=
(
3β1229β4
11
)
= 1,
which is false. Thus α2 > 6. If α1 = 6, then
−1 =
(
2
1093
)
=
(
2 · 36 · 5α217α3229α4
1093
)
=
(
3β1229β4
1093
)
= (−1)β4 .
Thus 2 ∤ β4. Noting that ord229(17) = 19, ord229(5) = 114, we have
1 =
(
2
1103
)
=
(
2 · 36 · 5α217α3229α4
1103
)
=
(
3β1229β4
1103
)
= −1.
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which is a contradiction. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
173 − 1
16 · 172
·
2293 − 1
228 · 2292
> 2,
which is also a contradiction.
Subcase 9.9 p4 ∈ {233, 257}. Since ordpi(pj) are all even for 1 6 i 6= j 6 4, we have
β1 = β2 = β3 = β4 = 0 and d = 1, a contradiction.
Subcase 9.10 p4 = 239. Since ord3(5) = ord3(17) = ord3(239) = 2 and ord5(3) =
ord5(17) = 4, ord5(239) = 2, we have β1 = β2 = 0 and D > 3
6 · 54. If α2 = 4, then
2 =
σ(n)
n
+
d
n
<
3
2
·
55 − 1
4 · 54
·
17
16
·
239
238
+
1
36 · 54
< 2,
which is false. Thus α2 > 6. If α1 = 6, then
2 =
σ(n)
n
+
d
n
<
37 − 2
2 · 36
·
5
4
·
17
16
·
239
238
+
1
36 · 54
< 2,
which is a contradiction. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
173 − 1
16 · 172
·
2393 − 1
238 · 2392
> 2,
which is also a contradiction.
Subcase 9.11 p4 = 241. Since ord17(3) = ord17(5) = ord17(241) = 16, ord241(3) =
120, ord241(5) = 40, ord241(17) = 80, we have β3 = β4 = 0 and D > 17
2 · 2412. If α2 = 4, then
2 =
σ(n)
n
+
d
n
<
3
2
·
55 − 1
4 · 54
·
17
16
·
241
240
+
1
172 · 2412
< 2,
which is false. Thus α2 > 6. If α1 = 6, then
2 =
σ(n)
n
+
d
n
<
37 − 1
2 · 36
·
5
4
·
17
16
·
241
240
+
1
172 · 2412
< 2,
which is impossible. If α1 > 10, then
2 =
σ(n)
n
+
d
n
>
311 − 1
2 · 310
·
57 − 1
4 · 56
·
173 − 1
16 · 173
·
2413 − 1
240 · 2412
> 2,
which is absurd. Thus α1 = 8. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
175 − 1
16 · 174
·
2413 − 1
240 · 2412
> 2,
which is a contradiction. Thus α3 = 2. However,
2 =
σ(n)
n
+
d
n
<
39 − 1
2 · 38
·
5
4
·
173 − 1
16 · 173
·
241
240
+
1
172 · 2412
< 2,
which is also a contradiction.
Subcase 9.12 p4 = 251. Since ord3(5) = ord3(17) = ord3(251) = 2 and ord17(3) =
ord17(5) = 16, ord17(251) = 4, we have β1 = β3 = 0 and D > 3
6 · 172. If α2 = 4, then
2 =
σ(n)
n
+
d
n
<
3
2
·
55 − 1
4 · 54
·
17
16
·
251
250
+
1
36 · 172
< 2,
which is false. Thus α2 > 6. If α1 = 6, then
2 =
σ(n)
n
+
d
n
<
37 − 1
2 · 36
·
5
4
·
17
16
·
251
250
+
1
36 · 172
< 2,
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which is impossible. Thus α1 > 8. If α3 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
173 − 1
16 · 172
·
251
250
+
1
36 · 172
< 2,
which is absurd. Thus α3 > 4 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
175 − 1
16 · 174
·
2513 − 1
250 · 2512
> 2,
which is a contradiction.
Subcase 9.13 p4 ∈ {263, 269, 277, 283, 293, 313, 317, 337, 347, 349, 353, 359, 367, 373,
379, 383, 389}. Since ord5(3) = ord5(17) = 4, ord17(3) = ord17(5) = 16, ord5(p4) and
ord17(p4) are all even, we have β2 = β3 = 0,D > 5
4 · 172 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
263
262
+
1
54 · 172
< 2,
which is impossible.
Subcase 9.14 p4 ∈ {271, 281, 311, 331}. If D > 2305, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
271
270
+
1
2305
< 2,
which is impossible. Since ord17(3) = ord17(5) = 16 and ord17(p4) are all even, we have β3 = 0.
Thus D ∈ {867, 1445} and α3 = 2. However, 307 | (17
3 − 1), a contradiction.
Subcase 9.15 p4 = 307. If D > 769, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
17
16
·
307
306
+
1
769
< 2,
which is impossible. Since ord5(3) = ord5(17) = ord5(307) = 4, we have β2 = 0,D = 625 and
α2 = 4. However, 11 | (5
5 − 1), a contradiction.
This completes the proof of Lemma 2.3. 
Lemma 2.4. There is no odd deficient-perfect number of the form n = 3α15α219α3pα4
4
with D >
19.
Proof. Assume that n = 3α15α219α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β219β3pβ4
4
. By (1.1), we have
(2.4)
3α1+1 − 1
2
·
5α2+1 − 1
4
·
19α3+1 − 1
18
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α15α219α3pα4
4
− 3β15β219β3pβ4
4
.
If α1 = 2, then 13 | (2D − 1). Thus D > 59. If p4 > 29, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
19
18
·
29
28
+
1
59
< 2,
which is false. Thus p4 = 23. Since ord5(3) = ord5(23) = 4, ord5(19) = 2, ord23(5) =
ord23(19) = 22, we have β2 = β4 = 0,D > 5
2 · 232 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
19
18
·
23
22
+
1
52 · 232
< 2,
which is impossible. Thus α1 > 4. If p4 6 43, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
·
193 − 1
18 · 192
·
433 − 1
42 · 432
> 2,
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which is absurd. Thus p4 > 47. If D 6 21, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
·
193 − 1
18 · 192
+
1
21
> 2,
which is false. Thus D > 25. Now we divide into the following nine cases according toD.
Case 1. D ∈ {25, 27, 45}. By (2.4), we have α1 > 6, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
193 − 1
18 · 192
+
1
45
> 2,
which is impossible.
Case 2. D ∈ {47, 53, 59, 67, 73, 79, 83, 89, 97, 103, 107, 109, 113, 127, 137, 139}. Then p4 =
D. Noting that ord5(3) = 4, ord5(19) = 2 and ord5(p4) are all even, we deduce that the equality
(2.4) can not hold.
Case 3. D = 57. If p4 > 607
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
607
606
+
1
57
< 2,
which is impossible. If 19 | (5α2+1 − 1), then 9 | (α2 + 1) and (5
9 − 1) | (5α2+1 − 1). However,
31 | (59 − 1), a contradiction. Since ord19(3) = 18 and ord5(3) = 4, ord5(19) = 2, we have
p4 6 571 and 5 | (α4 + 1). Thus α1 > 10, α2 > 6, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
311 − 1
2 · 310
·
57 − 1
4 · 56
·
195 − 1
18 · 194
·
5715 − 1
570 · 5714
+
1
57
> 2,
which is impossible.
Case 4. D ∈ {61, 71, 101, 131}. Then p4 = D. Noting that ord5(3) = 4, ord5(19) = 2, we have
5 | (α4 + 1) and (p
5
4 − 1) | (p
α4+1
4
− 1). However, 131 | (615 − 1), 11 | (715 − 1), 31 | (1015 − 1)
and 61 | (1315 − 1), a contradiction.
Case 5. D = 75. If p4 > 269
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
269
268
+
1
75
< 2,
which is clearly false. By (2.4), we have α1 > 10, α2 > 6, p4 6 251 and
2 =
σ(n)
n
+
d
n
>
311 − 1
2 · 310
·
57 − 1
4 · 56
·
193 − 1
18 · 192
·
2513 − 1
250 · 2513
+
1
75
> 2,
which is impossible.
Case 6. D ∈ {81, 95}. If p4 > 239
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
239
238
+
1
81
< 2,
which is false. Thus p4 6 233. If 19 | (5
α2+1 − 1), then 9 | (α2 + 1) and (5
9 − 1) | (5α2+1 − 1).
However, 31 | (59 − 1), a contradiction. Since ord19(3) = 18 and ord5(3) = 4, ord5(19) = 2, we
have p4 6 191 and 5 | (α4 + 1). Thus α1 > 10, α2 > 6, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
311 − 1
2 · 310
·
57 − 1
4 · 56
·
195 − 1
18 · 194
·
1915 − 1
190 · 1914
+
1
95
> 2,
which is impossible.
Case 7. D = 125. If p4 > 157, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
157
156
+
1
125
< 2,
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which is false. Thus p4 6 151. By (2.4), we have α1 > 12, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
57 − 1
4 · 56
·
193 − 1
18 · 192
·
1513 − 1
150 · 1512
+
1
125
> 2,
which is impossible.
Case 8. D = 135. If p4 > 149, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
149
148
+
1
135
< 2,
which is false. Thus p4 6 139. By (2.4), we have α1 > 8, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
193 − 1
18 · 192
·
1393 − 1
138 · 1392
+
1
135
> 2,
which is impossible.
Case 9. D > 141. If p4 > 149, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
149
148
+
1
141
< 2,
which is false. Thus p4 6 139.
If 47 6 p4 6 61, then α2 = 2, 31 | (2D − 1) and D > 171. Otherwise, if α2 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
193 − 1
18 · 192
·
613 − 1
60 · 612
> 2,
which is impossible.
If 67 6 p4 6 139, then α2 > 4. Otherwise, if α2 = 2, then D > 171 and
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
19
18
·
67
66
+
1
171
< 2,
which is absurd.
Subcase 9.1 47 6 p4 6 61. If p4 = 47, then α1 = 4. Otherwise, if α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
193 − 1
18 · 192
·
473 − 1
46 · 472
> 2,
which is false. Since ord5(3) = ord5(47) = 4 and ord5(19) = 2, we have β2 = 0,D > 1225 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
53 − 1
4 · 52
·
19
18
·
47
46
+
1
1225
< 2,
which is impossible.
If p4 = 53, then α1 6 6. Otherwise, if α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
53 − 1
4 · 52
·
193 − 1
18 · 192
·
533 − 1
52 · 532
> 2,
which is impossible. If α1 = 4, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
53 − 1
4 · 52
·
19
18
·
53
52
+
1
171
< 2,
which is impossible. Thus α1 = 6. Since ord5(3) = ord5(53) = 4, ord5(19) = 2, ord53(19) = 52
and ord19(53) = 18, we have β2 = β3 = β4 = 0 and
−1 =
(
2 · 36 · 52 · 19α353α4
1093
)
=
(
3β1
1093
)
= 1,
which is a contradiction.
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If p4 = 59, then β2 = 0 by ord5(3) = 4 and ord5(19) = ord5(59) = 2. Thus D > 1225 and
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
19
18
·
59
58
+
1
1225
< 2,
which is impossible.
If p4 = 61, then D 6 253. Otherwise, if D > 255, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
19
18
·
61
60
+
1
255
< 2,
which is impossible. Thus D = 171. Since ord5(3) = 4, ord5(19) = 2 and ord25(61) = 5, we
have 5 | (α4 + 1) and (61
5 − 1) | (61α4+1 − 1). However, 131 | (615 − 1), a contradiction.
Subcase 9.2 p4 = 67. By ord19(3) = ord19(67) = 18, we have β3 = 0. If α2 > 6, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
57 − 1
4 · 56
·
193 − 1
18 · 192
·
673 − 1
66 · 672
> 2,
which is a contradiction. If α2 = 4, then
−1 =
(
2
11
)
=
(
2 · 3α15419α367α4
11
)
=
(
3β15β267β4
11
)
= 1,
which is also a contradiction.
Subcase 9.3 p4 = 71. If α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
193 − 1
18 · 192
·
713 − 1
70 · 712
> 2,
which is false. Thus α1 = 4 and 121|(2D − 1). Thus D > 1271 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
19
18
·
71
70
+
1
1271
< 2,
which is impossible.
Subcase 9.4 p4 ∈ {73, 79, 83}. Since ord5(3) = 4, ord5(19) = 2 and ord5(p4) are all even, we
have β2 = 0 and D > 625. If α1 = 4, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
19
18
·
73
72
+
1
625
< 2,
which is a contradiction. If α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
193 − 1
18 · 192
·
833 − 1
82 · 832
> 2,
which is also a contradiction.
Subcase 9.5 p4 = 89. Since ord5(3) = 4, ord5(19) = ord5(89) = 2, we have β2 = 0 and
D > 625. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
55 − 1
4 · 54
·
193 − 1
18 · 192
·
893 − 1
88 · 892
> 2,
which is a contradiction. If α1 = 4, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
19
18
·
89
88
+
1
625
< 2,
which is also a contradiction. Thus α1 = 6. If α2 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
193 − 1
18 · 192
·
893 − 1
88 · 892
> 2,
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which is impossible. Thus α2 = 4. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
195 − 1
18 · 194
·
893 − 1
88 · 892
> 2,
which is false. Thus α3 = 2. By (2.4) and ord19(89) = 18, we have β1 = 1, β3 = β4 = 0 and
−1 =
(
2
11
)
=
(
2 · 36 · 54 · 192 · 89α4
11
)
=
(
3
11
)
= 1,
which is absurd.
Subcase 9.6 p4 = 97. Since ord5(3) = ord5(97) = 4, ord5(19) = 2, ord97(3) = 48, ord97(5) =
ord97(19) = 96, we have β2 = β3 = 0,D > 5
2 · 972 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
97
96
+
1
52 · 972
< 2,
which is impossible.
Subcase 9.7 p4 = 101. If β2 > 1, then 5 | (α4 + 1) and (101
5 − 1) | (101α4+1 − 1). Since
491 | (1015 − 1), we have 491 | (2D − 1). Thus D > 1719 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
101
100
+
1
D
< 2,
which is impossible. Thus β2 = 0 and 5
4 | D. If D > 961, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
101
100
+
1
961
< 2,
which is false. Thus D = 54 and α2 = 4. However, we deduce that the equality (2.4) cannot hold.
Subcase 9.8 p4 ∈ {103, 107, 109, 113, 127, 137, 139}. Since ord5(3) = 4, ord5(19) = 2 and
ord5(p4) are all even, we have β2 = 0. If D > 701, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
103
102
+
1
701
< 2,
which is false. Thus D = 54 and α2 = 4. However, we deduce that the equality (2.4) cannot hold.
Subcase 9.9 p4 = 131. If D > 179, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
19
18
·
131
130
+
1
179
< 2,
which is false. Thus D = 171 and β2 > 2. Since ord5(3) = 4, ord5(19) = 2, ord25(131) = 5, we
have (1315 − 1) | (131α4+1 − 1). However, 61 | (1315 − 1), a contradiction.
This completes the proof of Lemma 2.4. 
Lemma 2.5. There is no odd deficient-perfect number of the form n = 3α15α223α3pα4
4
with D >
23.
Proof. Assume that n = 3α15α223α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β223β3pβ4
4
. By (1.1), we have
(2.5)
3α1+1 − 1
2
·
5α2+1 − 1
4
·
23α3+1 − 1
22
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α15α223α3pα4
4
− 3β15β223β3pβ4
4
.
If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
23
22
·
29
28
+
1
23
< 2,
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which is false. Thus α1 > 4. If p4 6 31, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
·
233 − 1
22 · 232
·
313 − 1
30 · 312
> 2,
which is false. Thus p4 > 37. Now we divide into the following five cases according to D.
Case 1. D ∈ {23, 25}. By (2.5), we have p4 ≡ 1 (mod 5), α1 > 10, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
311 − 1
2 · 310
·
57 − 1
4 · 56
·
233 − 1
22 · 232
+
1
25
> 2,
which is impossible.
Case 2. D = 27. If p4 > 719, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
719
718
+
1
27
< 2,
which is impossible. Since ord5(3) = ord5(23) = 4, ord3(5) = ord3(23) = 2, we have p4 ≡ 1
(mod 15). Thus p4 6 661. By (2.5), we have α1 > 10, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
311 − 1
2 · 310
·
57 − 1
4 · 56
·
233 − 1
22 · 232
·
6613 − 1
660 · 6612
+
1
27
> 2,
which is false.
Case 3. D ∈ {37, 41, 43, 47, 53, 59, 61}. Then p4 = D. By (2.5), we have α2 > 4 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
233 − 1
22 · 232
·
613 − 1
60 · 612
+
1
61
> 2,
which is impossible.
Case 4. D = 45. If p4 > 113, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
113
112
+
1
45
< 2,
which is false. Since ord5(3) = ord5(23) = 4, ord3(5) = ord3(23) = 2, we have p4 ≡ 1
(mod 15). Thus p4 6 61. By (2.5), we have α2 > 4 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
233 − 1
22 · 232
·
613 − 1
60 · 612
+
1
45
> 2,
which is impossible.
Case 5. D > 67. If p4 > 83, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
83
82
+
1
67
< 2,
which is impossible. Thus p4 6 79.
Subcase 5.1 p4 = 37. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
233 − 1
22 · 232
·
373 − 1
36 · 372
> 2,
which is false. Thus α2 = 2 and 31 | (2D − 1). Since ord5(3) = ord5(23) = ord5(37) = 2, we
have β2 = 0. Thus D > 1225 and
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
23
22
·
37
36
+
1
1225
< 2,
which is impossible.
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Subcase 5.2 p4 = 41. Since ord3(5) = ord3(23) = ord3(41) = 2, we have β1 = 0 and 81 | D.
If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
55 − 1
4 · 54
·
233 − 1
22 · 232
·
413 − 1
40 · 412
> 2,
which is false. Thus α2 = 2 and 31 | (2D − 1). Thus D > 729 and
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
23
22
·
41
40
+
1
729
< 2,
which is impossible.
Subcase 5.3 p4 = 47. Since ord3(5) = ord3(23) = ord3(47) = 2, ord5(3) = ord5(23) =
ord5(47) = 4, we have β1 = β2 = 0 and D > 3
4 · 52. If α2 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
23
22
·
47
46
+
1
34 · 52
< 2,
which is impossible. Thus α2 > 4. If α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
233 − 1
22 · 232
·
473 − 1
46 · 472
> 2,
which is a contradiction. If α1 = 4, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
23
22
·
47
46
+
1
34 · 52
< 2,
which is also a contradiction.
Subcase 5.4 p4 ∈ {53, 59}. Since ord3(5) = ord3(23) =ord3(p4) = 2, ord5(3) = ord5(23) =
4 and ord5(p4) are all even, we have β1 = β2 = 0,D > 3
4 · 52 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
53
52
+
1
34 · 52
< 2,
which is impossible.
Subcase 5.5 p4 = 61. If α2 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
23
22
·
61
60
+
1
67
< 2,
which is impossible. Thus α2 > 4. If D > 141, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
61
60
+
1
141
< 2,
which is impossible. Thus D ∈ {69, 75, 81, 115, 125, 135}. Since ord5(3) = ord5(23) = 4 and
ord25(61) = 5, we have 5|(α4 + 1) and (61
5 − 1)|(61α4+1 − 1). Noting that 131 | (615 − 1), we
have 131 | (2D − 1), a contradiction.
Subcase 5.6 p4 = 71. Since ord3(5) = ord3(23) = ord3(71) = 2, we have β1 = 0. If α1 = 4,
then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
5
4
·
23
22
·
71
70
+
1
67
< 2,
which is impossible. If α1 > 6, then D > 3
6 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
71
70
+
1
36
< 2,
which is false.
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Subcase 5.7 p4 ∈ {67, 73, 79}. Since ord5(3) = ord5(23) = 4 and ord5(p4) are all even, we
have β2 = 0. If α2 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
23
22
·
67
66
+
1
67
< 2,
which is impossible. If α2 > 4, then D > 5
4 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
23
22
·
67
66
+
1
54
< 2,
which is false.
This completes the proof of Lemma 2.5. 
Lemma 2.6. There is no odd deficient-perfect number of the form n = 3α15α229α3pα4
4
with D >
25.
Proof. Assume that n = 3α15α229α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β229β3pβ4
4
. By (1.1), we have
(2.6)
3α1+1 − 1
2
·
5α2+1 − 1
4
·
29α3+1 − 1
28
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α15α229α3pα4
4
− 3β15β229β3pβ4
4
.
If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
29
28
·
31
30
+
1
25
< 2,
which is false. Thus α1 > 4. Now we divide into the following four cases according to D.
Case 1. D ∈ {25, 27, 29}. By (2.6), we have α1 > 6 and α2 6= 4. Since ord3(5) = ord3(29) =
2, ord5(3) = 4 and ord5(29) = 2, we have p4 ≡ 1 (mod 15). If p4 > 109, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
29
28
·
109
108
+
1
25
< 2,
which is impossible. Thus p4 6 61. If α2 = 2, then p4 = 31 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
293 − 1
28 · 292
·
313 − 1
30 · 312
+
1
29
> 2,
which is false. If α2 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
293 − 1
28 · 292
·
613 − 1
60 · 612
+
1
29
> 2,
which is impossible.
Case 2. D ∈ {31, 37}. Then p4 = D,α1 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
293 − 1
28 · 292
·
373 − 1
36 · 372
+
1
37
> 2,
which is impossible.
Case 3. D = 43. Then p4 = 43, α1 > 6, α2 > 4 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
293 − 1
28 · 292
·
433 − 1
42 · 432
+
1
43
> 2,
which is impossible.
Case 4. D > 45. If p4 > 59
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
29
28
·
59
58
+
1
45
< 2,
which is impossible. Thus p4 6 53.
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Subcase 4.1 p4 = 31. Since ord29(3) = ord29(31) = 28, ord29(5) = 14, we have β3 = 0 and
D > 292. If α1 = 4, then
−1 =
(
2
11
)
=
(
2 · 3α15α229α331α4
11
)
=
(
3β15β231β4
11
)
= 1,
which is false. Thus α1 > 6. If α2 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
29
28
·
31
30
+
1
292
< 2,
which is a contradiction. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
293 − 1
28 · 292
·
313 − 1
30 · 312
> 2,
which is also a contradiction.
Subcase 4.2 p4 ∈ {37, 41, 43, 47}. Since ord29(3) =ord29(p4) = 28, ord29(5) = 14, we have
β3 = 0,D > 29
2 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
29
28
·
37
36
+
1
292
< 2,
which is impossible.
Subcase 4.3 p4 = 53. By ord3(5) = ord3(29) = ord3(53) = 2, we have β1 = 0,D > 3
4 and
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
29
28
·
53
52
+
1
34
< 2,
which is impossible.
This completes the proof of Lemma 2.6. 
Lemma 2.7. There is no odd deficient-perfect number of the form n = 3α15α231α3pα4
4
with D >
15.
Proof. Assume that n = 3α15α231α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β231β3pβ4
4
. By (1.1), we have
(2.7)
3α1+1 − 1
2
·
5α2+1 − 1
4
·
31α3+1 − 1
30
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α15α231α3pα4
4
− 3β15β231β3pβ4
4
.
If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
5
4
·
31
30
·
37
36
+
1
15
< 2,
which is clearly false. Thus α1 > 4. If D > 116, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
31
30
·
37
36
+
1
116
< 2,
which is false. If 53 6 D = p4 6 113, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
31
30
·
53
52
+
1
53
< 2,
which is impossible. Thus D ∈ {15, 25, 27, 31, 37, 41, 43, 45, 47, 75, 81, 93, 111}.
Case 1. D = 15. By (2.7), we have α1 > 6. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
55 − 1
4 · 54
·
313 − 1
30 · 312
+
1
15
> 2,
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which is impossible. Thus α2 = 2. If p4 > 173, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
31
30
·
173
172
+
1
15
< 2,
which is clearly false. Thus p4 6 167. It follows that α1 > 8, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
53 − 1
4 · 52
·
315 − 1
30 · 312
·
1673 − 1
166 · 1672
+
1
15
> 2,
which is impossible.
Case 2. D = 25. If p4 > 89, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
31
30
·
89
88
+
1
25
< 2,
which is clearly false. Thus p4 6 83. It follows that α1 > 12, α3 > 4. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
55 − 1
4 · 54
·
315 − 1
30 · 314
·
833 − 1
82 · 832
+
1
25
> 2,
which is impossible. Thus α2 = 2. If p4 > 53, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
31
30
·
53
52
+
1
25
< 2,
which is a contradiction. If p4 6 47, then
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
53 − 1
4 · 52
·
315 − 1
30 · 312
·
473 − 1
46 · 472
+
1
25
> 2,
which is also a contradiction.
Case 3. D ∈ {27, 31, 45}. If p4 > 79, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
31
30
·
79
78
+
1
27
< 2,
which is false. Thus p4 ∈ {37, 41, 43, 47, 53, 59, 61, 67, 71, 73} and β2 > 1. Since ord5(3) =
ord5(37) = ord5(43) = ord5(47) = ord5(53) = ord5(67) = ord5(73) = 4, ord5(59) = 2
and ord25(31) = ord25(41) = ord25(61) = ord25(71) = 5, we have (31
5 − 1) | (31α3+1 − 1),
(415 − 1) | (41α4+1 − 1), (615 − 1) | (61α4+1 − 1) or (715 − 1) | (71α4+1 − 1). However,
11 | 315 − 1, 579281 | 415 − 1, 131 | 615 − 1 and 7 | 715 − 1, a contradiction.
Case 4. D ∈ {37, 43}. Then p4 = D. Since ord5(3) =ord5(p4) = 4, ord25(31) = 5, we have
5 | (α3 + 1) and (31
5 − 1) | (31α3+1 − 1). However, 11 | (315 − 1), a contradiction.
Case 5. D = {41, 47}. Then p4 = D. Since ord3(5) =ord3(p4) = 2, ord9(31) = 3, we have
3 | (α3 + 1) and (31
3 − 1) | (31α3+1 − 1). However, 331 | (313 − 1), a contradiction.
Case 6. D ∈ {75, 81, 93, 111}. If p4 > 41, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
31
30
·
41
40
+
1
75
< 2,
which is clearly false. Thus p4 = 37. If α2 = 2, then
2 =
σ(n)
n
+
d
n
<
3
2
·
53 − 1
4 · 52
·
31
30
·
37
36
+
1
75
< 2,
which is false. Thus α2 > 4 and β2 > 1. Since ord5(3) = ord5(37) = 4 and ord25(31) = 5, we
have (315 − 1) | (31α3+1 − 1). However, 11 | (315 − 1), a contradiction.
This completes the proof of Lemma 2.7. 
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Lemma 2.8. There is no odd deficient-perfect number of the form n = 3α15α237α3pα4
4
with D >
15.
Proof. Assume that n = 3α15α237α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β237β3pβ4
4
. If D > 41, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
37
36
·
41
40
+
1
41
< 2,
which is false. Thus D ∈ {15, 25, 27, 37}. Now we divide into the following four cases.
Case 1. D = 15. If p4 > 311, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
37
36
·
311
310
+
1
15
< 2,
which is false. Since ord5(3) = ord5(37) = 4, we have p4 ≡ 1 (mod 5). Thus p4 6 281, α1 >
12, α2 > 8 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
373 − 1
36 · 372
·
2813 − 1
280 · 2812
+
1
15
> 2,
which is impossible.
Case 2. D = 25. If p4 > 61, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
37
36
·
61
60
+
1
25
< 2,
which is clearly false. Thus p4 6 59. It follows that α1 > 12, α2 > 8 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
373 − 1
36 · 372
·
593 − 1
58 · 592
+
1
25
> 2,
which is impossible.
Case 3. D = 27. If p4 > 59, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
37
36
·
59
58
+
1
25
< 2,
which is clearly false. Thus p4 6 53. It follows that α1 > 12, α2 > 8 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
373 − 1
36 · 372
·
533 − 1
52 · 532
+
1
27
> 2,
which is impossible.
Case 4. D = 37. If p4 > 43, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
37
36
·
43
42
+
1
27
< 2,
which is clearly false. Thus p4 = 41. It follows that α1 > 12, α2 > 8 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
373 − 1
36 · 372
·
413 − 1
40 · 412
+
1
37
> 2,
which is impossible.
This completes the proof of Lemma 2.8. 
Lemma 2.9. There is no odd deficient-perfect number of the form n = 3α15α241α3pα4
4
with D >
15.
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Proof. Assume that n = 3α15α241α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β241β3pβ4
4
. If D > 31, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
41
40
·
43
42
+
1
31
< 2,
a contradiction. Thus D ∈ {15, 25, 27}.
If D = 15, then p4 6 167. Otherwise, if p4 > 173, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
41
40
·
173
172
+
1
15
< 2,
which is clearly false. It follows that α1 > 12, α2 > 8 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
59 − 1
4 · 58
·
413 − 1
40 · 412
·
1673 − 1
166 · 1672
+
1
15
> 2,
which is impossible.
If D ∈ {25, 27}, then p4 6 47. Otherwise, if p4 > 53, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
41
40
·
53
52
+
1
27
< 2,
which is clearly false. It follows that α1 > 8, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
57 − 1
4 · 56
·
413 − 1
40 · 412
·
473 − 1
46 · 472
+
1
27
> 2,
which is impossible.
This completes the proof of Lemma 2.9. 
Lemma 2.10. There is no odd deficient-perfect number n of the form n = 3α15α243α3pα4
4
with
D > 15.
Proof. Assume that n = 3α15α243α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β243β3pβ4
4
. If D > 27, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
43
42
·
47
46
+
1
27
< 2,
which is clearly false. Thus D ∈ {15, 25}.
If D = 15, then p4 6 139. Otherwise, if p4 > 149, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
43
42
·
149
148
+
1
15
< 2,
which is false. Since ord5(3) = ord5(43) = 4, we have p4 ≡ 1 (mod 5). Thus p4 6 131, α1 >
6, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
433 − 1
42 · 432
·
1313 − 1
130 · 1312
+
1
15
> 2,
which is impossible.
If D = 25, then p4 = 47. Otherwise, if p4 > 53, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
43
42
·
53
52
+
1
25
< 2,
which is clearly false. Thus α1 > 6, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
433 − 1
42 · 432
·
473 − 1
46 · 472
+
1
25
> 2,
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which is impossible.
This completes the proof of Lemma 2.10. 
Lemma 2.11. There is no odd deficient-perfect number of the form n = 3α15α2pα3
3
pα4
4
with 67 6
p3 6 269.
Proof. Assume that n = 3α15α2pα3
3
pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β15β2pβ3
3
p
β4
4
and 67 6 p3 6 269. If D > 15, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
67
66
·
71
70
+
1
15
< 2,
which is clearly false. Thus D = 9. By (1.1), we have
(2.8)
3α1+1 − 1
2
·
5α2+1 − 1
4
·
pα3+1
3
− 1
p3 − 1
·
pα4+1
4
− 1
p4 − 1
= 17 · 3α1−25α2pα3
3
pα4
4
.
Thus α1 > 6 and α2 > 6. If α1 = 6, then p4 = 1093. Since ord17(3) = ord17(5) = ord17(1093) =
16, we have p3 ≡ 1 (mod 17). Thus p3 ∈ {103, 137, 239}. If p3 = 239, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
239
238
·
1093
1092
+
1
9
< 2,
which is clearly false. If p3 ∈ {103, 137}, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
1373 − 1
136 · 1372
·
10933 − 1
1092 · 10932
+
1
9
> 2,
which is impossible. By (2.8), we have α1 > 12. If p3 6 131, then
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
57 − 1
4 · 56
·
1313 − 1
130 · 1312
+
1
9
> 2,
which is impossible. Thus p3 > 137. If p4 > 18503, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
137
136
·
18503
18502
+
1
9
< 2,
which is clearly false. Thus p4 6 18493. By (2.8), we have α2 > 10. Now we divide into the
following twelve cases according to p3.
Case 1. p3 = 137. Since ord3(5) = ord3(137) = 2 and ord5(3) = ord5(137) = 4, we have
p4 ≡ 1 (mod 15). Noting that ord289(137) = 17, we have if 17 | (α3 + 1) and (137
17 − 1) |
(137α3+1 − 1), then 103 | (13717 − 1), a contradiction. Since ord17(3) = ord17(5) = 16, we have
p4 ≡ 1 (mod 17). Thus p4 6 17851, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1375 − 1
136 · 1374
·
178513 − 1
17850 · 178512
+
1
9
> 2,
which is impossible.
Case 2. p3 = 139. If p4 > 6257, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
139
138
·
6257
6256
+
1
9
< 2,
which is false. Since ord17(3) = ord17(5) = ord17(139) = 16, we have p4 ≡ 1 (mod 17). Thus
p4 6 6121, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1395 − 1
138 · 1394
·
61213 − 1
6120 · 61212
+
1
9
> 2,
which is impossible.
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Case 3. p3 = 149. If p4 > 1549, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
149
148
·
1549
1548
+
1
9
< 2,
which is clearly false. Noting that ord17(3) = ord17(5) = 16 and ord17(149) = 4, we have p4 ≡ 1
(mod 17). Thus p4 6 1531, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1495 − 1
148 · 1494
·
15313 − 1
1530 · 15312
+
1
9
> 2,
which is impossible.
Case 4. p3 = 151. If p4 > 1361, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
151
150
·
1361
1360
+
1
9
< 2,
which is clearly false. Thus p4 6 1327, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1515 − 1
150 · 1514
·
13273 − 1
1326 · 13272
+
1
9
> 2,
which is impossible.
Case 5. p3 = 157. If p4 > 1013, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
157
156
·
1013
1012
+
1
9
< 2,
which is clearly false. Thus p4 6 1009, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1575 − 1
156 · 1574
·
10093 − 1
1008 · 10092
+
1
9
> 2,
which is impossible.
Case 6. p3 ∈ {163, 167}. If p4 > 821, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
163
162
·
821
820
+
1
9
< 2,
which is clearly false. Since ord17(3) = ord17(5) = ord17(163) = ord17(167) = 16, we have
p4 ≡ 1 (mod 17). Thus p4 6 647, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1675 − 1
166 · 1674
·
6473 − 1
646 · 6472
+
1
9
> 2,
which is impossible.
Case 7. p3 = 173. If p4 > 641, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
173
172
·
641
640
+
1
9
< 2,
which is false. Since ord17(3) = ord17(5) = ord17(173) = 16, we have p4 ≡ 1 (mod 17). Thus
p4 6 613, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1735 − 1
172 · 1734
·
6133 − 1
612 · 6132
+
1
9
> 2,
which is impossible.
Case 8. p3 ∈ {179, 181, 191, 193}. If p4 > 563, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
179
178
·
563
562
+
1
9
< 2,
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which is clearly false. Since ord17(3) = ord17(5) = 16 and ord17(p4) are even, we have p4 ≡ 1
(mod 17). Thus p4 6 443, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1935 − 1
192 · 1934
·
4433 − 1
442 · 4432
+
1
9
> 2,
which is impossible.
Case 9. p3 ∈ {197, 199}. If p4 > 439, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
197
196
·
439
438
+
1
9
< 2,
which is clearly false. Since ord17(3) = ord17(5) = 16 and ord17(p4) are even, we have p4 ≡ 1
(mod 17). Thus p4 6 409, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
1995 − 1
198 · 1994
·
4093 − 1
408 · 4092
+
1
9
> 2,
which is impossible.
Case 10. p3 ∈ {211, 223, 227, 229, 233, 241}. If p4 > 383, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
211
210
·
383
382
+
1
9
< 2,
which is clearly false. Since ord17(3) = ord17(5) = 16 and ord17(p4) are even, we have p4 ≡ 1
(mod 17). Thus p4 6 307, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
2415 − 1
240 · 2414
·
3073 − 1
306 · 3072
+
1
9
> 2,
which is impossible.
Case 11. p3 = 239. If p4 > 317, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
239
238
·
317
316
+
1
9
< 2,
which is clearly false. Thus p4 6 313, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
511 − 1
4 · 510
·
2395 − 1
238 · 2394
·
3133 − 1
312 · 3132
+
1
9
> 2,
which is impossible.
Case 12. p3 ∈ {251, 257, 263, 269}. If p4 > 307, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
251
250
·
307
306
+
1
9
< 2,
which is clearly false. Thus p4 6 293. Since ord17(3) = ord17(5) = 16 and ord17(p3), ord17(p4)
are even, we deduce that the equality (2.8) can not hold.
This completes the proof of Lemma 2.11. 
3. THE CASE OF p2 = 7
In this section, we consider the case of n = pα1
1
pα2
2
pα3
3
pα4
4
with p1 = 3 and p2 = 7.
Lemma 3.1. If n = 3α17α211α3pα4
4
is an odd deficient-perfect number with D > 7, then n =
32 · 72 · 112 · 132 with deficient divisor d = 32 · 7 · 13.
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Proof. By (1.1), we have
(3.1)
3α1+1 − 1
2
·
7α2+1 − 1
6
·
11α3+1 − 1
10
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α17α211α3pα4
4
− 3β17β211β3pβ4
4
.
We will divide into the following seven cases according to D.
Case 1. D = 7. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
+
1
7
> 2,
which is clearly false. Thus α1 = 2. If p4 6 181, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
1813 − 1
180 · 1812
+
1
7
> 2,
which is impossible. If p4 > 541, then
2 =
σ(n)
n
+
d
n
<
13
9
·
7
6
·
11
10
·
541
540
+
1
7
< 2,
which is also impossible. Thus 191 6 p4 6 523. By (3.1), we have α2 > 6, α3 > 6 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
77 − 1
6 · 76
·
117 − 1
10 · 116
·
5233 − 1
522 · 5232
+
1
7
> 2,
which is false.
Case 2. D ∈ {9, 11}. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
+
1
11
> 2,
which is clearly false. Thus α1 = 2, p4 = 13 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
133 − 1
10 · 132
+
1
11
> 2,
which is impossible.
Case 3. D ∈ {13, 17, 19}. Then p4 = D and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
p34 − 1
(p4 − 1) · p24
+
1
p4
> 2,
which is impossible.
Case 4. D = 21. If α1 = 2, then p4 = 13 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
133 − 1
12 · 132
+
1
21
> 2,
which is impossible. Thus α1 > 4. If p4 > 73, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
73
72
+
1
21
< 2,
which is clearly false. If p4 6 43, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
433 − 1
42 · 432
+
1
21
> 2,
which is false. Thus 47 6 p4 6 71. By (3.1), we have α2 > 4 and α3 > 4. If p4 6 53, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
75 − 1
6 · 74
·
115 − 1
10 · 114
·
533 − 1
52 · 532
+
1
21
> 2,
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which is absurd. Thus p4 ∈ {59, 61, 67, 71}. Since ord41(3) = 8, ord41(7) = ord41(11) =
ord41(67) = ord41(71) = 40, ord41(61) = 20 and ord41(59) = 5, we have p4 = 59, 5 | (α4 + 1)
and (595 − 1) | (59α4+1 − 1). However, 151 | (595 − 1), a contradiction.
Case 5. D ∈ {23, 29, 31}. Then p4 = D,α1 > 4 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
p34 − 1
(p4 − 1) · p
2
4
+
1
p4
> 2,
which is impossible.
Case 6. D = 27. Then α1 > 4. If p4 > 53, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
53
52
+
1
27
< 2,
which is clearly false. If p4 6 37, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
373 − 1
36 · 372
+
1
27
> 2,
which is false. Thus p4 ∈ {41, 43, 47}. Since ord7(3) = ord7(47) = 6, ord7(41) = 2, ord7(11) =
3 and ord72(43) = 7, we have 3 | (α3 + 1) and (11
3 − 1) | (11α3+1 − 1) or 7 | (α4 + 1) and
(437 − 1) | (43α4+1 − 1). However, 19 | (113 − 1) and 5839 | (437 − 1), a contradiction.
Case 7. D > 33. If p4 > 47, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
47
46
+
1
33
< 2,
which is clearly false. Thus p4 6 43.
Subcase 7.1 p4 = 13. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
133 − 1
12 · 132
> 2,
which is false. Thus α1 = 2. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
75 − 1
6 · 74
·
113 − 1
10 · 112
·
133 − 1
12 · 132
> 2,
which is absurd. Thus α2 = 2. If α3 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
115 − 1
10 · 114
·
133 − 1
12 · 132
> 2,
which is impossible. Thus α3 = 2. If α4 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
135 − 1
12 · 134
> 2,
which is false. Thus α4 = 2. By (3.1), we have n = 3
2 · 72 · 112 · 132 and d = 32 · 7 · 13.
Subcase 7.2 p4 ∈ {17, 19}. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
p34 − 1
(p4 − 1) · p
2
4
> 2,
which is clearly false. Thus α1 = 2 and
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
11
10
·
17
16
+
1
33
< 2,
which is impossible.
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Subcase 7.3 p4 = 23. If α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
233 − 1
22 · 232
> 2,
which is clearly false. If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
11
10
·
23
22
+
1
33
< 2,
which is impossible. Thus α1 = 4. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
75 − 1
6 · 74
·
113 − 1
10 · 112
·
233 − 1
22 · 232
> 2,
which is absurd. Thus α2 = 2. If D 6 303, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
113 − 1
10 · 112
·
233 − 1
22 · 232
+
1
303
> 2,
which is a contradiction. If D > 617, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
73 − 1
6 · 72
·
11
10
·
23
22
+
1
617
< 2,
which is also a contradiction. Thus D ∈ {363, 441, 483, 529, 539, 567}. However, 19 | (73 − 1)
and 19 ∤ (2D − 1)d, which contradicts with (3.1).
Subcase 7.4 p4 = 29. If D > 161, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
29
28
+
1
161
< 2,
which is false. Thus D ∈ {33, 49, 63, 77, 81, 87, 99, 121, 147}. Since ord29(3) = ord29(11) = 28
and ord29(7) = 7, we have 7 | (α2 + 1) and (7
7 − 1) | (7α2+1 − 1). However, 4733 | (77 − 1), a
contradiction.
Subcase 7.5 p4 = 31. If D > 93, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
31
30
+
1
93
< 2,
which is false. Thus D ∈ {33, 49, 63, 77, 81}. Since ord31(3) = ord31(11) = 30 and ord31(7) =
15, we have 15 | (α2 +1) and (7
15 − 1) | (7α2+1 − 1). However, 2801 | (715 − 1), a contradiction.
Subcase 7.6 p4 = 37. If D > 47, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
37
36
+
1
47
< 2,
which is false. Thus D ∈ {33, 37}. Noting that ord7(3) = 6, ord7(11) = ord7(37) = 3, we have
3 | (α3 + 1) and (11
3 − 1) | (11α3+1 − 1) or 3 | (α4 + 1) and (37
3 − 1) | (37α4+1 − 1). However,
19 | (113 − 1) and 67 | (373 − 1), a contradiction.
Subcase 7.7 p4 = 41. If D > 39, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
11
10
·
41
40
+
1
39
< 2,
which is false. Thus D = 33. Noting that ord7(3) = 6, ord7(41) = 2 and ord7(11) = 3, we have
3 | (α3 + 1) and (11
3 − 1) | (11α3+1 − 1). However, 19 | (113 − 1), a contradiction.
This completes the proof of Lemma 3.1. 
Lemma 3.2. There is no odd deficient-perfect number of the form n = 3α17α213α3pα4
4
withD > 7.
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Proof. Assume that n = 3α17α213α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β17β213β3pβ4
4
. By (1.1), we have
(3.2)
3α1+1 − 1
2
·
7α2+1 − 1
6
·
13α3+1 − 1
12
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α17α213α3pα4
4
− 3β17β213β3pβ4
4
.
We will divide into the following six cases according to D.
Case 1. D = 7. If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
73 − 1
6 · 72
·
133 − 1
12 · 132
·+
1
7
> 2,
which is clearly false. Thus α1 = 2. If p4 > 59, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
13
12
·
59
58
+
1
7
< 2,
which is a contradiction. If p4 6 47, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
133 − 1
12 · 132
·
473 − 1
46 · 472
+
1
7
> 2,
which is also a contradiction. Thus p4 = 53. Since ord7(13) = 2 and ord7(53) = 3, we have
3 | (α4 + 1) and (53
3 − 1) | (53α4+1 − 1). However, 409 | (533 − 1), a contradiction.
Case 2. D = 9. If p4 6 23, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
·
133 − 1
12 · 132
·
233 − 1
22 · 232
+
1
9
> 2,
which is clearly false. Thus p4 > 29. If α1 > 8, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
73 − 1
6 · 72
·
133 − 1
12 · 132
+
1
9
> 2,
which is impossible. Since ord17(7) = 16, ord17(13) = 4, we have p4 ≡ 1 (mod 17). Thus
p4 > 103 and α1 = 2. However,
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
13
12
·
103
102
+
1
9
< 2,
a contradiction.
Case 3. D = 13. If p4 > 71, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
13
12
·
71
70
+
1
13
< 2,
which is false. Thus p4 6 67. Noting that ord5(3) = ord5(7) = ord5(13) = 4, we have p4 ∈
{31, 41, 61}, 5 | (α4 + 1) and (p
5
4 − 1) | (p
α4+1
4
− 1). However, 11 | (315 − 1), 579281 | (415 −
1), 131 | (615 − 1), a contradiction.
Case 4. D = 17. Then p4 = 17. Since ord17(3) = ord17(7) = 16 and ord17(13) = 4, we
deduce that equality (3.2) cannot hold.
Case 5. D = 19. Then p4 = 19. Since ord37(3) = 18, ord37(13) = ord37(19) = 36 and
ord37(7) = 9, we have 9 | (α2 + 1) and (7
9 − 1) | (7α2+1 − 1). However, 1063 | (79 − 1), a
contradiction.
Case 6. D > 21. If p4 > 37, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
13
12
·
37
36
+
1
21
< 2,
which is clearly false. Thus p4 6 31.
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Subcase 6.1 p4 = 17. If α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
73 − 1
6 · 72
·
133 − 1
12 · 132
·
173 − 1
16 · 172
> 2,
which is clearly false. If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
13
12
·
17
16
+
1
21
< 2,
which is impossible. Thus α1 = 4. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
75 − 1
6 · 74
·
133 − 1
12 · 132
·
173 − 1
16 · 172
> 2,
which is absurd. Thus α2 = 2. Noting that ord7(13) = 2, ord7(17) = 6, ord13(17) = 6 and
ord17(13) = 16, we have β2 = β3 = β4 = 0 and
−1 =
(
2
11
)
=
(
2 · 34 · 72 · 13α317α4
11
)
=
(
3β1
11
)
= 1,
which is a contradiction.
Subcase 6.2 p4 = 19. Noting that ord7(3) = ord7(19) = 6 and ord7(13) = 2, we have β2 = 0
and D > 49.
If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
13
12
·
19
18
+
1
49
< 2,
which is clearly false. If α1 = 4, then 121 | (2D − 1). Thus D > 143 and
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
7
6
·
13
12
·
19
18
+
1
143
< 2,
which is absurd. If α1 = 6, then
−1 =
(
2
1093
)
=
(
2 · 36 · 7α213α319α4
1093
)
=
(
3β113β319β4
1093
)
= 1,
which is a contradiction. Thus α1 > 8.
If α3 = 2, then
−1 =
(
2
61
)
=
(
2 · 3α17α2 · 132 · 19α4
61
)
=
(
3β113β319β4
61
)
= 1,
which is a contradiction. Thus α3 > 4.
If α2 = 2, then D 6 213. Otherwise, if D > 215, then
2 =
σ(n)
n
+
d
n
<
3
2
·
73 − 1
6 · 72
·
13
12
·
19
18
+
1
215
< 2,
which is clearly false. If D 6 197, then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
73 − 1
6 · 72
·
135 − 1
12 · 134
·
193 − 1
18 · 192
+
1
197
> 2,
which is impossible. Thus 199 6 D 6 213. However, the case cannot hold since 49 | D. Thus
α2 > 4 and
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
75 − 1
6 · 74
·
133 − 1
12 · 132
·
193 − 1
18 · 192
> 2,
which is absurd.
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Subcase 6.3 p4 = 23. If D > 57, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
13
12
·
23
22
+
1
57
< 2,
which is clearly false. Thus D ∈ {21, 23, 27, 39, 49}. Since ord7(3) = 6, ord7(13) = 2 and
ord7(23) = 3, we have if 7 | (2D− 1)d, then 3 | (α4 +1) and (23
3 − 1) | (23α4+1 − 1). However,
79 | (233 − 1), a contradiction. Thus D = 49, α2 = 2 and
2 =
σ(n)
n
+
d
n
<
3
2
·
73 − 1
6 · 72
·
13
12
·
23
22
+
1
49
< 2,
which is also a contradiction.
Subcase 6.4 p4 = 29. If D > 29, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
13
12
·
29
28
+
1
29
< 2,
which is clearly false. Thus D ∈ {21, 27}. Since ord41(3) = 8 and ord41(7) = ord41(13) =
ord41(29) = 40, we have D = 27 and α1 > 4. Since ord3(29) = 2, we have 3 | (α2 + 1) and
(73 − 1) | (7α2+1 − 1) or 3 | (α3 + 1) and (13
3 − 1) | (13α3+1 − 1). However, 19 | (73 − 1) and
61 | (133 − 1), a contradiction.
Subcase 6.5 p4 = 31. If D > 25, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
13
12
·
31
30
+
1
25
< 2,
which is clearly false. Thus D = 21. Noting that ord7(3) = ord7(31) = 6 and ord7(13) = 2, we
deduce that the equality (3.2) cannot hold.
This completes the proof of Lemma 3.2. 
Lemma 3.3. There is no odd deficient-perfect number of the form n = 3α17α217α3pα4
4
withD > 7.
Proof. Assume that n = 3α17α217α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β17β217β3pβ4
4
. By (1.1), we have
(3.3)
3α1+1 − 1
2
·
7α2+1 − 1
6
·
17α3+1 − 1
16
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α17α217α3pα4
4
− 3β17β217β3pβ4
4
.
If D > 27, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
17
16
·
19
18
+
1
27
< 2,
which is impossible. Thus D ∈ {7, 9, 17, 19, 21, 23}.
Case 1. D = 7. Since ord17(3) = ord17(7) = 16, we have p4 > 103. If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
17
16
·
103
102
+
1
7
< 2,
which is false. Thus α1 > 6, α2 > 4 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
75 − 1
6 · 74
·
173 − 1
16 · 172
+
1
7
> 2,
which is a contradiction.
Case 2. D ∈ {9, 17, 19, 21, 23}. If p4 > 67, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
17
16
·
67
66
+
1
9
< 2,
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which is absurd. Thus p4 6 61. Since ord17(3) = ord17(7) = 16 and ord17(p4) are all even, we
deduce that the equality (3.3) cannot hold.
This completes the proof of Lemma 3.3. 
Lemma 3.4. There is no odd deficient-perfect number of the form n = 3α17α219α3pα4
4
withD > 7.
Proof. Assume that n = 3α17α219α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β17β219β3pβ4
4
. By (1.1), we have
(3.4)
3α1+1 − 1
2
·
7α2+1 − 1
6
·
19α3+1 − 1
18
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α17α219α3pα4
4
− 3β17β219β3pβ4
4
.
If p4 > 191, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
19
18
·
191
190
+
1
7
< 2,
which is clearly false. Thus p4 6 181. If D > 15, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
19
18
·
23
22
+
1
15
< 2,
which is impossible. Thus D ∈ {7, 9}.
Case 1. D = 7. If α1 = 2, then p4 = 23. Otherwise, if p4 > 29, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
19
18
·
29
28
+
1
7
< 2,
which is absurd. Since ord7(19) = 6 and ord7(23) = 3, we have 3 | (α4 + 1) and (23
3 − 1) |
(23α4+1 − 1). However, 79 | (233 − 1), a contradiction. By (3.4), we have α1 > 8. If p4 6 113,
then
2 =
σ(n)
n
+
d
n
>
39 − 1
2 · 38
·
73 − 1
6 · 72
·
193 − 1
18 · 192
·
1133 − 1
112 · 1132
+
1
7
> 2,
which is false. Since ord7(3) = ord7(19) = 6, we have p4 ∈ {127, 137, 149, 151, 163}. If
p4 = 127, then 7 | (α4 + 1) and (127
7 − 1) | (127α4+1 − 1), However, 43 | (1277 − 1), a
contradiction. If p4 ∈ {137, 149, 151, 163}, then 3 | (α4+1) and (p
3
4− 1) | (p
α4+1
4
− 1). However,
37 | (1373 − 1), 31 | (1493 − 1), 1093 | (1513 − 1), 67 | (1633 − 1),
which is also a contradiction.
Case 2. D = 9. Since ord17(3) = ord17(7) = 16, ord17(19) = 8 and ord7(3) = ord7(19) = 6,
we have p4 = 137. Thus 17 | (α4+1) and (137
17−1) | (137α4+1−1). However, 103 | (13717−1),
a contradiction.
This completes the proof of Lemma 3.4. 
Lemma 3.5. There is no odd deficient-perfect number of the form n = 3α17α223α3pα4
4
withD > 7.
Proof. Assume that n = 3α17α223α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β17β223β3pβ4
4
. By (1.1), we have
(3.5)
3α1+1 − 1
2
·
7α2+1 − 1
6
·
23α3+1 − 1
22
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α17α223α3pα4
4
− 3β17β223β3pβ4
4
.
If p4 > 71, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
23
22
·
71
70
+
1
7
< 2,
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which is false. Thus p4 ∈ {29, 31, 37, 41, 43, 47, 53, 59, 61, 67}. If D > 11, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
23
22
·
29
28
+
1
11
< 2,
which is impossible. Thus D ∈ {7, 9}.
Case 1. D = 7. If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
23
22
·
29
28
+
1
7
< 2,
which is absurd. By (3.5), we have α1 > 12, α2 > 4, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
75 − 1
6 · 74
·
235 − 1
22 · 234
·
673 − 1
66 · 672
+
1
7
> 2,
which is a contradiction.
Case 2. D = 9. Since ord17(3) = ord17(7) = ord17(23) = 16 and ord17(p4) are all even, we
deduce that the equality (3.5) cannot hold.
This completes the proof of Lemma 3.5. 
Lemma 3.6. There is no odd deficient-perfect number of the form n = 3α17α229α3pα4
4
withD > 7.
Proof. Assume that n = 3α17α229α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β17β229β3pβ4
4
. If p4 > 43, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
29
28
·
43
42
+
1
7
< 2,
which is false. Thus p4 ∈ {31, 37, 41}. If D > 9, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
29
28
·
31
30
+
1
9
< 2,
which is impossible. Thus D = 7. By (1.1), we have
(3.6)
3α2+1 − 1
2
·
7α2+1 − 1
6
·
29α3+1 − 1
28
·
pα4+1
4
− 1
p4 − 1
= 13 · 3α17α2−129α3pα4
4
.
If α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
7
6
·
29
28
·
31
30
+
1
7
< 2,
which is absurd. By (3.6), we have α1 > 12, α2 > 4, α3 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
75 − 1
6 · 74
·
295 − 1
28 · 294
·
413 − 1
40 · 412
+
1
7
> 2,
which is a contradiction.
This completes the proof of Lemma 3.6. 
Lemma 3.7. There is no odd deficient-perfect number of the form n = 3α17α231α3pα4
4
withD > 7.
Proof. Assume that n = 3α17α231α3pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β17β231β3pβ4
4
. If p4 > 41, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
31
30
·
41
40
+
1
7
< 2,
which is false. Thus p4 = 37. If D > 9, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
31
30
·
37
36
+
1
9
< 2,
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which is impossible. Thus D = 7. By (1.1), we have
3α1+1 − 1
2
·
7α2+1 − 1
6
·
31α3+1 − 1
30
·
37α4+1 − 1
36
= 13 · 3α1 · 7α2−1 · 31α3 · 37α4 .
Since ord7(3) = ord7(31) = 6 and ord7(37) = 3, we have 3 | (α4+1) and (37
3−1) | (37α4+1−1).
However, 67 | (37α4+1 − 1), a contradiction.
This completes the proof of Lemma 3.7. 
4. THE CASE OF p2 ∈ {11, 13}
In this section, we study the case of n = pα1
1
pα2
2
pα3
3
pα4
4
with p1 = 3 and p2 ∈ {11, 13}.
Lemma 4.1. There is no odd deficient-perfect number of the form n = 3α111α2pα3
3
pα4
4
.
Proof. Assume that n = 3α111α2pα3
3
pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β111β2pβ3
3
p
β4
4
. By (1.1), we have
(4.1)
3α1+1 − 1
2
·
11α2+1 − 1
10
·
pα3+1
3
− 1
p3 − 1
·
pα4+1
4
− 1
p4 − 1
= 2 · 3α111α2pα3
3
pα4
4
− 3β111β2pβ3
3
p
β4
4
.
If p3 > 199, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
199
198
·
211
210
+
1
3
< 2,
which is clearly false. Thus p3 6 197.
Case 1. p3 = 13. If D > 11, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
13
12
·
17
16
+
1
11
< 2,
which is false. If D = 3, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
113 − 1
10 · 112
·
133 − 1
12 · 132
+
1
3
> 2,
which is absurd. Thus D = 9. If p4 > 19, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
13
12
·
19
18
+
1
9
< 2,
which is impossible Thus p4 = 17. Since ord17(3) = ord17(11) = 16 and ord17(13) = 4, we
know that the equality (4.1) cannot hold.
Case 2. p3 > 17. If D > 9, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
17
16
·
19
18
+
1
9
< 2,
which is impossible. Thus D = 3. By (4.1), we have α1 > 4 and α2 > 4. If p3 6 71, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
713 − 1
70 · 712
+
1
3
> 2,
which is clearly false. Thus p3 > 73.
If α1 = 6, then p4 = 1093 and p3 6 103. Otherwise, if p3 > 107, then
2 =
σ(n)
n
+
d
n
<
37 − 1
2 · 36
·
11
10
·
107
106
·
1093
1092
+
1
3
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
115 − 1
10 · 114
·
1033 − 1
102 · 1032
·
10933 − 1
1092 · 10932
+
1
3
> 2,
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which is also a contradiction. Thus α1 6= 6. By (4.1), we have α1 6= 8 and α1 6= 10. If p3 > 139,
then α1 6= 4. Otherwise, if α1 = 4, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
139
138
·
149
148
+
1
3
< 2,
which is impossible.
Subcase 2.1 p3 ∈ {73, 79, 83, 89, 97}. If α1 > 12, then
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
115 − 1
10 · 114
·
973 − 1
96 · 972
+
1
3
> 2,
which is clearly false. Thus α1 = 4.
If p3 = 73, then p4 6 2621. Otherwise, if p4 > 2633, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
73
72
·
2633
2632
+
1
3
< 2,
which is impossible. By (4.1), we have α2 > 6. If α3 = 2, then p4 = 1801 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
117 − 1
10 · 116
·
733 − 1
72 · 732
·
18013 − 1
1800 · 18012
+
1
3
> 2,
which is a contradiction. Thus α3 > 4 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
117 − 1
10 · 116
·
735 − 1
72 · 734
·
26213 − 1
2620 · 26212
+
1
3
> 2,
which is also a contradiction.
If p3 = 79, then p4 6 691. Otherwise, if p4 > 701, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
79
78
·
701
700
+
1
3
< 2,
which is impossible. By (4.1), we have α2 > 6 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
117 − 1
10 · 116
·
793 − 1
78 · 792
·
6913 − 1
690 · 6912
+
1
3
> 2,
which is a contradiction.
If p3 = 83, then p4 6 487. Otherwise, if p4 > 491, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
83
82
·
491
490
+
1
3
< 2,
which is impossible. By (4.1), we have α2 > 6 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
117 − 1
10 · 116
·
833 − 1
82 · 832
·
4873 − 1
486 · 4872
+
1
3
> 2,
which is a contradiction.
If p3 = 89, then p4 6 347. Otherwise, if p4 > 349, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
89
88
·
349
348
+
1
3
< 2,
which is impossible. By (4.1), we have α2 > 6 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
117 − 1
10 · 116
·
893 − 1
88 · 892
·
3473 − 1
346 · 3472
+
1
3
> 2,
which is a contradiction.
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If p3 = 97, then p4 6 257. Otherwise, if p4 > 263, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
97
96
·
263
262
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
973 − 1
96 · 972
·
2573 − 1
256 · 2572
+
1
3
> 2,
which is a contradiction.
Subcase 2.2 p3 = 101. If p4 > 10009, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
101
100
·
10009
10008
+
1
3
< 2,
which is clearly false. Thus p4 6 9929.
If α1 = 4, then p4 6 233. Otherwise, if p4 > 239, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
101
100
·
239
238
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1013 − 1
100 · 1012
·
2333 − 1
232 · 2332
+
1
3
> 2,
which is a contradiction. By (4.1), we have α1 > 16. If α2 = 4, then p4 = 3221 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
115 − 1
10 · 114
·
1013 − 1
100 · 1012
·
32213 − 1
3220 · 32212
+
1
3
> 2,
which is absurd. Thus α2 > 6. Noting that 10303 | (101
3 − 1), we have α3 > 4 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1015 − 1
100 · 1014
·
99293 − 1
9928 · 99292
+
1
3
> 2,
a contradiction.
Subcase 2.3 p3 = 103. If p4 > 3407, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
103
102
·
3407
3406
+
1
3
< 2,
which is clearly false. Thus p4 6 3391.
If α1 = 4, then p4 6 223. Otherwise, if p4 > 227, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
103
102
·
227
226
+
1
3
< 2,
which is impossible. Noting that ord5(3) = ord5(103) = 4 and 3221 | (11
5 − 1), we have α2 > 6
and p4 ≡ 1 (mod 5). Thus p4 6 211 and
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
117 − 1
10 · 116
·
1033 − 1
102 · 1032
·
2113 − 1
210 · 2112
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16 and α3 > 4. If α2 = 4, then p4 = 3221 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
115 − 1
10 · 114
·
1035 − 1
102 · 1034
·
32213 − 1
3220 · 32212
+
1
3
> 2,
which is a contradiction. Thus α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1035 − 1
102 · 1034
·
33913 − 1
3390 · 33912
+
1
3
> 2,
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which is also a contradiction.
Subcase 2.4 p3 = 107. If p4 > 1523, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
107
106
·
1523
1522
+
1
3
< 2,
which is clearly false. Thus p4 6 1511.
If α1 = 4, then p4 6 199. Otherwise, if p4 > 211, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
107
106
·
211
210
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1073 − 1
106 · 1072
·
1993 − 1
198 · 1992
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1073 − 1
106 · 1072
·
15113 − 1
1510 · 15112
+
1
3
> 2,
which is a contradiction.
Subcase 2.5 p3 = 109. If p4 > 1201, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
109
108
·
1201
1200
+
1
3
< 2,
which is clearly false. Thus p4 6 1193.
If α1 = 4, then p4 6 199. Otherwise, if p4 > 211, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
109
108
·
211
210
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1093 − 1
108 · 1092
·
1993 − 1
198 · 1992
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1093 − 1
108 · 1092
·
11933 − 1
1192 · 11932
+
1
3
> 2,
which is a contradiction.
Subcase 2.6 p3 = 113. If p4 > 863, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
113
112
·
863
862
+
1
3
< 2,
which is clearly false. Thus p4 6 859.
If α1 = 4, then p4 6 181. Otherwise, if p4 > 191, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
113
112
·
191
190
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1133 − 1
112 · 1132
·
1813 − 1
180 · 1812
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1133 − 1
112 · 1132
·
8593 − 1
858 · 8592
+
1
3
> 2,
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which is a contradiction.
Subcase 2.7 p3 = 127. If p4 > 467, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
127
126
·
467
466
+
1
3
< 2,
which is clearly false. Thus p4 6 463.
If α1 = 4, then p4 6 157. Otherwise, if p4 > 163, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
127
126
·
163
162
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1273 − 1
126 · 1272
·
1573 − 1
156 · 1572
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1273 − 1
126 · 1272
·
4633 − 1
462 · 4632
+
1
3
> 2,
which is a contradiction.
Subcase 2.8 p3 = 131. If p4 > 421, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
131
130
·
421
420
+
1
3
< 2,
which is clearly false. Thus p4 6 419.
If α1 = 4, then p4 6 151. Otherwise, if p4 > 157, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
131
130
·
157
156
+
1
3
< 2,
which is impossible. It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1313 − 1
130 · 1312
·
1513 − 1
150 · 1512
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1313 − 1
130 · 1312
·
4193 − 1
418 · 4192
+
1
3
> 2,
which is a contradiction.
Subcase 2.9 p3 = 137. If p4 > 373, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
137
136
·
373
372
+
1
3
< 2,
which is clearly false. Thus p4 6 367.
If α1 = 4, then p4 = 139. Otherwise, if p4 > 149, then
2 =
σ(n)
n
+
d
n
<
35 − 1
2 · 34
·
11
10
·
137
136
·
149
148
+
1
3
< 2,
which is impossible.It follows that
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
115 − 1
10 · 114
·
1373 − 1
136 · 1372
·
1393 − 1
138 · 1392
+
1
3
> 2,
which is absurd. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1373 − 1
136 · 1372
·
3673 − 1
366 · 3672
+
1
3
> 2,
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which is a contradiction.
Subcase 2.10 p3 = 139. If p4 > 359, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
139
138
·
359
358
+
1
3
< 2,
which is clearly false. Thus p4 6 353. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1393 − 1
138 · 1392
·
3533 − 1
352 · 3532
+
1
3
> 2,
which is a contradiction.
Subcase 2.11 p3 ∈ {149, 151}. If p4 > 307, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
149
148
·
307
306
+
1
3
< 2,
which is clearly false. Thus p4 6 293. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1513 − 1
150 · 1512
·
2933 − 1
292 · 2932
+
1
3
> 2,
which is a contradiction.
Subcase 2.12 p3 = 157. If p4 > 277, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
157
156
·
277
276
+
1
3
< 2,
which is clearly false. Thus p4 6 271. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1573 − 1
156 · 1572
·
2713 − 1
270 · 2712
+
1
3
> 2,
which is a contradiction.
Subcase 2.13 p3 = 163. If p4 > 263, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
163
162
·
263
262
+
1
3
< 2,
which is clearly false. Thus p4 6 257. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1633 − 1
162 · 1632
·
2573 − 1
256 · 2572
+
1
3
> 2,
which is a contradiction.
Subcase 2.14 p3 = 167. If p4 > 251, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
167
166
·
251
250
+
1
3
< 2,
which is clearly false. Thus p4 6 241. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1673 − 1
166 · 1672
·
2413 − 1
240 · 2412
+
1
3
> 2,
which is a contradiction.
Subcase 2.15 p3 = 173. If p4 > 239, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
173
172
·
239
238
+
1
3
< 2,
which is clearly false. Thus p4 6 233. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1733 − 1
172 · 1732
·
2333 − 1
232 · 2332
+
1
3
> 2,
ON ODD DEFICIENT-PERFECT NUMBERS WITH FOUR DISTINCT PRIME DIVISORS 41
which is a contradiction.
Subcase 2.16 p3 = 179. If p4 > 227, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
179
178
·
227
226
+
1
3
< 2,
which is clearly false. Thus p4 6 223. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1793 − 1
178 · 1792
·
2233 − 1
222 · 2232
+
1
3
> 2,
which is a contradiction.
Subcase 2.17 p3 = 181. If p4 > 223, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
181
180
·
223
222
+
1
3
< 2,
which is clearly false. Thus p4 6 211. By (4.1), we have α1 > 16, α2 > 6 and
2 =
σ(n)
n
+
d
n
>
317 − 1
2 · 316
·
117 − 1
10 · 116
·
1813 − 1
180 · 1812
·
2113 − 1
210 · 2112
+
1
3
> 2,
which is a contradiction.
Subcase 2.18 p3 ∈ {191, 193, 197}. If p4 > 211, then
2 =
σ(n)
n
+
d
n
<
3
2
·
11
10
·
191
190
·
211
210
+
1
3
< 2,
which is clearly false. Thus p4 6 199. Noting that ord5(3) = 4 and ord5(p4) are all even, we have
5 | (α2+1) and (11
5−1) | (11α2+1−1) or 5 | (α3+1) and (191
5−1) | (191α3+1−1). However,
3221 | (115 − 1) and 1871 | (1915 − 1), a contradiction.
This completes the proof of Lemma 4.1. 
Lemma 4.2. There is no odd deficient perfect number of the form n = 3α113α2pα3
3
pα4
4
.
Proof. Assume that n = 3α113α2pα3
3
pα4
4
is an odd deficient-perfect number with deficient divisor
d = 3β113β2pβ3
3
p
β4
4
. If p3 > 79, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
79
78
·
83
82
+
1
3
< 2,
which is false. Thus p3 6 73. If D > 9, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
17
16
·
19
18
+
1
9
< 2,
which is absurd. Thus D = 3. By (1.1), we have
(4.2)
3α1+1 − 1
2
·
13α2+1 − 1
12
·
pα3+1
3
− 1
p3 − 1
·
pα4+1
4
− 1
p4 − 1
= 5 · 3α1−113α2pα3
3
pα4
4
.
Since 11 | (35 − 1), we have α1 6= 4. If p3 > 31, then α1 > 6. Otherwise, if α1 = 2, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
13
12
·
31
30
·
37
36
+
1
3
< 2,
which is impossible. If p3 > 43, then p4 6 557. Otherwise, if p4 > 563, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
43
42
·
563
562
+
1
3
< 2,
which is a contradiction. Now we divide into the following seven cases according to p3.
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Case 1. p3 ∈ {17, 19, 23, 29, 31, 37}. If α1 > 6, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
133 − 1
12 · 132
·
373 − 1
36 · 372
+
1
3
> 2,
which is impossible. Thus α1 = 2 and p3 ∈ {17, 19, 23, 29}.
If p3 = 17, then p4 6 409. Otherwise, if p4 > 419, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
13
12
·
17
16
·
419
418
+
1
3
< 2,
which is impossible. Since ord17(13) = 4 and ord5(13) = ord5(17) = 4, we have p4 ≡ 1
(mod 85). Thus p4 > 1021, a contradiction.
If p3 = 19, then p4 6 109. Otherwise, if p4 > 113, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
13
12
·
19
18
·
113
112
+
1
3
< 2,
which is false. Since ord5(13) = 4 and ord5(19) = 2, we have p4 6 101 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
133 − 1
12 · 132
·
193 − 1
18 · 192
·
1013 − 1
100 · 1012
+
1
3
> 2,
which is impossible.
If p3 = 23, then p4 6 53. Otherwise, if p4 > 59, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
13
12
·
23
22
·
59
58
+
1
3
< 2,
which is false. Since ord5(13) = ord5(23) = 4, we have p4 6 41 and
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
133 − 1
12 · 132
·
233 − 1
22 · 232
·
413 − 1
40 · 412
+
1
3
> 2,
which is impossible.
If p3 = 29, then p4 = 31. Otherwise, if p4 > 37, then
2 =
σ(n)
n
+
d
n
<
33 − 1
2 · 32
·
13
12
·
29
28
·
37
36
+
1
3
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
133 − 1
12 · 132
·
293 − 1
28 · 292
·
313 − 1
30 · 312
+
1
3
> 2,
which is also a contradiction.
Case 2. p3 = 41. If p4 > 1601, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
41
40
·
1601
1600
+
1
3
< 2,
which is impossible. Since ord5(3) = ord5(13) = 4 and 579281 | (41
5 − 1), we have p4 ≡ 1
(mod 5) and 5 | (α4 + 1). Thus p4 6 1571 and α3 6= 4. By (4.2), we have α3 > 6 and α1 > 12.
If α2 = 2, then p4 = 61 and (61
5 − 1) | (61α4+1 − 1). However, 131 | (615 − 1), a contradiction.
Thus α2 > 4 and
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
135 − 1
12 · 134
·
417 − 1
40 · 416
·
15715 − 1
1570 · 15714
+
1
3
> 2,
which is also a contradiction.
ON ODD DEFICIENT-PERFECT NUMBERS WITH FOUR DISTINCT PRIME DIVISORS 43
Case 3. p3 ∈ {43, 47, 53, 59}. Since ord5(3) = ord5(13) and ord5(p3) are all even, we have
p4 ≡ 1 (mod 5) and 5 | (α4 +1). By (4.2), we have α3 > 4 and α1 > 12. If α2 = 2, then p4 = 61
and (615 − 1) | (61α4+1 − 1). However, 131 | (615 − 1), a contradiction. Thus α2 > 4.
If p3 = 43, then p4 6 541. Otherwise, if p4 > 563, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
43
42
·
563
562
+
1
3
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
135 − 1
12 · 134
·
435 − 1
42 · 434
·
5415 − 1
540 · 5414
+
1
3
> 2,
which is also a contradiction.
If p3 = 47, then p4 6 251. Otherwise, if p4 > 263, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
47
46
·
263
262
+
1
3
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
135 − 1
12 · 134
·
475 − 1
46 · 474
·
2515 − 1
250 · 2514
+
1
3
> 2,
which is also a contradiction.
If p3 = 53, then p4 6 151. Otherwise, if p4 > 163, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
53
52
·
163
162
+
1
3
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
135 − 1
12 · 134
·
535 − 1
52 · 534
·
1515 − 1
150 · 1514
+
1
3
> 2,
which is also a contradiction.
If p3 = 59, then p4 6 101. Otherwise, if p4 > 127, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
59
58
·
127
126
+
1
3
< 2,
which is a contradiction. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
135 − 1
12 · 134
·
595 − 1
58 · 594
·
1015 − 1
100 · 1014
+
1
3
> 2,
which is also a contradiction.
Case 4. p3 = 61. If p4 > 127, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
61
60
·
127
126
+
1
3
< 2,
which is false. Thus p4 6 113. Since ord5(3) = ord5(13) = 4, ord25(61) = ord25(71) =
ord25(101) = 5, we have (61
5 − 1) | (61α3+1 − 1) or (715 − 1) | (71α4+1 − 1) or (1015 − 1) |
(101α4+1 − 1). However, 131 | (615 − 1), 11 | (715 − 1), 31 | (1015 − 1), a contradiction.
Case 5. p3 = 67. If p4 > 101, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
67
66
·
101
100
+
1
3
< 2,
which is false. Thus p4 6 97. Observing that ord5(3) = ord5(13) = ord5(67) = 4, we have
p4 ≡ 1 (mod 5) and 5 | (α4 + 1). Thus p4 = 71 and (71
5 − 1) | (71α4+1 − 1). However,
11 | (715 − 1), a contradiction.
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Case 6. p3 = 71. If p4 > 97, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
71
70
·
97
96
+
1
3
< 2,
which is false. Thus p4 6 89. Since ord5(3) = ord5(13) = 4 and ord5(p4) are all even, we have
5 | (α3 + 1) and (71
5 − 1) | (71α3+1 − 1). However, 11 | (715 − 1), a contradiction.
Case 7. p3 = 73. If p4 > 89, then
2 =
σ(n)
n
+
d
n
<
3
2
·
13
12
·
73
72
·
89
88
+
1
3
< 2,
a contradiction. Thus p4 ∈ {79, 83}. Observing that ord5(3) = ord5(13) = ord5(73) = 4 and
ord5(p4) are all even, we see that the case cannot hold.
This completes the proof of Lemma 4.2. 
5. PROOFS
Proof of Theorem 1. Assume that n = pα1
1
pα2
2
pα3
3
pα4
4
is an odd deficient-perfect number with defi-
cient divisor d = pβ1
1
p
β2
2
p
β3
3
p
β4
4
. By [6], we need to consider p1 = 3 and p2 ∈ {5, 7, 11, 13, 17}.
Case 1. p2 = 5. If D = 3, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
+
1
3
> 2,
which is clearly false. If D = 5, then by (1.1), we have
3α1+1 − 1
2
·
5α2+1 − 1
4
·
pα3+1
3
− 1
p3 − 1
·
pα4+1
4
− 1
p4 − 1
= 3α1+25α2−1pα3
3
pα4
4
.
If α1 > 4, then
2 =
σ(n)
n
+
d
n
>
35 − 1
2 · 34
·
53 − 1
4 · 52
+
1
5
> 2,
which is absurd. Thus α1 = 2. If α2 > 4, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
55 − 1
4 · 54
+
1
5
> 2,
which is impossible. Thus α2 = 2, p3 = 13 and p4 = 31. However,
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
133 − 1
12 · 132
·
313 − 1
30 · 312
+
1
5
> 2,
a contradiction. If p3 = 7, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
53 − 1
4 · 52
·
73 − 1
6 · 72
> 2,
which is a contradiction. Thus D > 9. If p3 > 271, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
271
270
·
277
276
+
1
9
< 2,
which is false. Thus 11 6 p3 6 269. If 19 6 p3 6 61, then D > 15. Otherwise, if D = 9, then
α1 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
613 − 1
60 · 612
+
1
9
> 2,
which is impossible. Now we divide into the following five subcases according to p3.
Subcase 1.1 p3 ∈ {11, 13, 17}. By Lemma 2.1-Lemma 2.3, there is no odd deficient-perfect
number of the form n = 3α15α2pα3
3
pα4
4
.
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Subcase 1.2 p3 ∈ {19, 23, 29}. If D = 15, then α1 > 6. If p4 = 31, then
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
53 − 1
4 · 52
·
293 − 1
28 · 292
·
313 − 1
30 · 312
+
1
15
> 2,
which is a contradiction. If p4 > 31, then α2 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
293 − 1
28 · 292
+
1
15
> 2,
which is also a contradiction. Thus D > 15. By Lemma 2.4-Lemma 2.6, there is no odd deficient-
perfect number of the form n = 3α15α2pα3
3
pα4
4
.
Subcase 1.3 p3 ∈ {31, 37, 41, 43}. By Lemma 2.7-Lemma 2.10, there is no odd deficient-perfect
number of the form n = 3α15α2pα3
3
pα4
4
.
Subcase 1.4 p3 ∈ {47, 53, 59, 61}. If D > 22, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
47
46
·
53
52
+
1
22
< 2,
which is clearly false. Thus D = 15, α1 > 6 and α2 > 6.
If p3 = 47, then p4 6 109. Otherwise, if p4 > 113, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
47
46
·
113
112
+
1
15
< 2,
which is false. Since ord5(3) = ord5(47) = 4, we have p4 6 101 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
473 − 1
46 · 472
·
1013 − 1
100 · 1012
+
1
15
> 2,
which is impossible.
If p3 = 53, then p4 6 83. Otherwise, if p4 > 89, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
53
52
·
89
88
+
1
15
< 2,
which is false. Since ord5(3) = ord5(53) = 4, we have p4 6 71 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
533 − 1
52 · 532
·
713 − 1
70 · 712
+
1
15
> 2,
which is impossible.
If p3 = 59, then p4 6 73. Otherwise, if p4 > 79, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
59
58
·
79
78
+
1
15
< 2,
which is false. Since ord5(3) = 4, ord5(59) = 2, we have p4 6 71 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
593 − 1
58 · 592
·
713 − 1
70 · 712
+
1
15
> 2,
which is impossible.
If p3 = 61, then p4 6 71. Otherwise, if p4 > 73, then
2 =
σ(n)
n
+
d
n
<
3
2
·
5
4
·
61
60
·
73
72
+
1
15
< 2,
which is clearly false. However,
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
57 − 1
4 · 56
·
613 − 1
60 · 612
·
713 − 1
70 · 712
+
1
15
> 2,
which is impossible.
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Subcase 1.5 67 6 p3 6 269. By Lemma 2.11, there is no odd deficient-perfect number of the
form n = 3α15α2pα3
3
pα4
4
.
Case 2. p2 = 7. If D = 3, then
2 =
σ(n)
n
+
d
n
>
33 − 1
2 · 32
·
73 − 1
6 · 72
+
1
3
> 2,
which is clearly false. Thus D > 7. If p3 > 37, then
2 =
σ(n)
n
+
d
n
<
3
2
·
7
6
·
37
36
·
41
40
+
1
7
< 2,
which is impossible. Thus p3 6 31. By Lemma 3.1-Lemma 3.7, we have n = 3
2 · 72 · 112 · 132
with deficient divisor d = 32 · 7 · 13.
Case 3. p2 ∈ {11, 13}. By Lemma 4.1-Lemma 4.2, there is no odd deficient-perfect number of
the form n = 3α1pα2
2
pα3
3
pα4
4
.
Case 4. p2 = 17. If D > 9, then
2 =
σ(n)
n
+
d
n
<
3
2
·
17
16
·
19
18
·
23
22
+
1
9
< 2,
which is absurd. Thus D = 3. If p3 > 47, then
2 =
σ(n)
n
+
d
n
<
3
2
·
17
16
·
47
46
·
53
52
+
1
3
< 2,
which is false. If p3 = 19, then α1 > 6 and
2 =
σ(n)
n
+
d
n
>
37 − 1
2 · 36
·
173 − 1
16 · 172
·
193 − 1
18 · 192
+
1
3
> 2,
which is impossible. Thus p3 ∈ {23, 29, 31, 37, 41, 43}. By (1.1), we have
3α1+1 − 1
2
·
17α2+1 − 1
16
·
pα3+1
3
− 1
p3 − 1
·
pα4+1
4
− 1
p4 − 1
= 5 · 3α1−117α2pα3
3
pα4
4
and α1 > 6. Since ord17(3) = 16 and ord17(p3) are all even, we have p4 ≡ 1 (mod 17).
If p3 = 23, then p4 6 3517. Otherwise, if p4 > 3527, then
2 =
σ(n)
n
+
d
n
<
3
2
·
17
16
·
23
22
·
3527
3526
+
1
3
< 2,
which is false. Noting that ord5(3) = ord5(17) = ord5(23) = 4, we have p4 ≡ 1 (mod 5)
and α4 > 4. Noting that ord3(17) = ord3(23) = 2, we have p4 ≡ 1 (mod 3). Thus p4 ∈
{1021, 1531, 2551, 3061}. It follows that α2 > 12, α2 > 4 and α3 > 4. However,
2 =
σ(n)
n
+
d
n
>
313 − 1
2 · 312
·
175 − 1
16 · 174
·
235 − 1
22 · 234
·
30615 − 1
3060 · 30614
+
1
3
> 2,
which is impossible.
If p3 ∈ {29, 31, 37, 41, 43}, then p4 6 103. Otherwise, if p4 > 107, then
2 =
σ(n)
n
+
d
n
<
3
2
·
17
16
·
29
28
·
107
106
+
1
3
< 2,
which is false. Thus p4 = 103 and p3 = 29. Since ord5(3) = ord5(17) = ord5(103) = 4 and
ord5(29) = 2, we know that the case can not occur.
This completes the proof of Theorem 1. 
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